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SUMMARY 

It is well recognised that the dynamic response of unreinforced masonry buildings with flexible timber 

diaphragms typically contains multiple dominant modes associated with the excitations of the 

diaphragms and the in-plane walls. Existing linear analysis methods for this type of structure commonly 

account for the multi-mode behaviour by assuming the independent vibrations of the in-plane loaded 

walls (in-plane walls) and the diaphragms. Specifically, the in-plane walls are considered to be rigid and 

the unmodified ground motion is assumed to be transmitted up the walls to the diaphragm ends. While 

this assumption may be appropriate for many low-rise unreinforced masonry buildings, neglecting the 

dynamic interaction between the diaphragms and the in-plane walls can lead to unreliable predictions of 

seismic demands. An alternative analysis approach is proposed in this paper, based on the mode 

properties of a system in which (1) the mass ratios between the diaphragms and the in-plane wall are the 

same at all levels, and (2) the periods of the diaphragms are the same at all levels. It is proposed that 

under these conditions, two modes are typically sufficient to obtain the peak seismic demands of the in-

plane walls in elastically responding low-rise regular buildings. The applicability of the two-mode 

analysis approach is assessed for more general diaphragm configurations by sensitivity analysis, and the 

limitations are identified. The two-mode approach is then used to derive a response modification factor, 

which may be used in conjunction with a linear static procedure in the seismic assessment of buildings 

with flexible diaphragms.   
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INTRODUCTION 

In older unreinforced masonry (URM) buildings, the floor and 

roof diaphragms are often constructed of flexible timber 

systems. The flexibility of the diaphragms introduce two 

dynamic effects that are absent in rigid diaphragm structures. 

Firstly, the non-rigid diaphragms lead to an intermediate 

coupling of the adjacent in-plane loaded walls (in-plane 

walls), resulting in a limited distribution of inertial forces 

amongst the lateral-load resisting elements. Secondly, the 

excitations of the diaphragms themselves provide feed-back 

effects on the in-plane walls, potentially modifying the 

behaviour of the walls. As these older structures are highly 

vulnerable to seismic action, there is a need for a practical 

procedure to evaluate the seismic demand imposed on the in-

plane walls for the global assessment of URM buildings with 

flexible diaphragms.  

The simplest seismic analysis procedure, and likely the first 

choice of analysis in practice for typical low-rise regular URM 

buildings, is the linear static method. In the context of the 

performance-based assessment guideline of ASCE 41-13 [1], 

the equivalent static base shear is determined using a 

corresponding linear system, 

𝑉 = 𝐶1𝐶2𝐶𝑚𝑆𝑎𝑊 (1) 

where 𝑉 is the elastic base shear, 𝐶1 is a modification factor 

relating maximum inelastic displacement to the elastic 

displacement, 𝐶2 expresses the modification for the effect of 

stiffness and strength degradations, 𝐶𝑚 accounts for higher 

mode mass participation (taken to be 1.0 for URM), 𝑆𝑎 is the 

spectral acceleration at the fundamental period of the 

structure, and 𝑊 is the seismic weight of the structure. The 

elastic base shear in Equation 1 is not the actual base shear 

that the building would experience, but rather an equivalent 

force that would induce the expected inelastic displacement on 

the elastic system [2]. The demand so calculated is compared 

against the component capacities to ensure, 

𝜅𝑄𝐶𝐸 ≥ 𝑄𝑈𝐷/𝑚 (2) 

where κ is the knowledge factor, 𝑄𝐶𝐸 is the expected 

component strength (i.e. rocking or shear strength), 𝑄𝑈𝐷 is the 

elastic demand (i.e. moments or shear forces) calculated based 

on Equation 1. 𝑚 is the modification factor that accounts for 

the component ductility for a particular performance level [2].  

Several studies have been conducted to incorporate the effect 

of diaphragm flexibility in the demand estimation (Equation 1) 

of the linear static procedure. ASCE 41-13 and NZSEE [3] 

stipulate that the fundamental period of unreinforced masonry 

buildings of less than six storeys in height, with single-span 

flexible diaphragms may be calculated as 
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𝑇 = √3.07∆𝑑 (3) 

where ∆𝑑 in metres is the maximum diaphragm deformation 

due to a lateral load of 1.0g. Equation 3 has been shown to be 

the fundamental period of a fix-ended flexural beam [4]. 

Therefore, the expression considers the in-plane walls to 

remain rigid and the diaphragm to vibrate independent of the 

in-plane walls. An alternative procedure was proposed by Kim 

and White [5]. In their method, a subassembly consisting of 

the two adjacent in-plane walls at a given storey and the 

supported diaphragm is initially separated from the rest of the 

structure. The peak elastic demand of the subassembly is then 

determined, considering the subassembly to be subjected to 

ground acceleration. Hence in this procedure, parts of the 

structure are assumed to remain rigid for the estimation of 

demand on each subassembly. The peak forces of the 

subassemblies are then combined together by direct 

summation to estimate the peak seismic demand of the actual 

structure. Recently, Knox [6] proposed a method in which the 

equivalent seismic force of the in-plane wall and the 

diaphragms are firstly determined separately. The possible 

correlations in the responses are subsequently considered 

through the use of a modal combination rule to obtain the total 

demand. A set of modification factors similar to Equation 1 

was also suggested to account for the inelastic behaviour. 

For symmetric (or almost symmetric) structures, the coupling 

effect of the diaphragms may be considered negligible and the 

diaphragms can be idealised as single-degree-of-freedom 

(SDOF) systems mounted on a primary structure (in-plane 

wall) at floor levels [7, 8]. In this idealisation, the diaphragms 

can be viewed as heavy secondary systems. It is well 

recognised that heavy secondary systems have the potential to 

modify the dynamic behaviour of the primary structure [9], 

and the response of the primary structure can only be 

evaluated accurately by considering the dynamics of the 

combined system. However, the foregoing review of the 

existing analysis methods incorporating the effects of 

diaphragm flexibility revealed that the interactions between 

the in-plane walls and the diaphragms are not explicitly 

considered. Therefore, the existing methods are strictly 

applicable when the following two conditions are met: 

 the period of the diaphragm is sufficiently larger 

than the period of the in-plane walls (so that the in-

plane walls may be considered as providing 

essentially rigid support conditions at diaphragm 

ends); and 

 the period of the in-plane walls is sufficiently 

smaller than the dominant period of the ground 

motion (so that the important frequency content of 

the ground motion is not filtered out by the in-plane 

walls). 

For many low-rise unreinforced masonry buildings, these 

conditions are satisfied. However, there are cases in which 

they may not be appropriate, including: 

 long and narrow buildings with loading 

perpendicular to the narrow end; 

 flexible in-plane walls with large openings; and 

 stiffened/retrofitted diaphragms. 

This study proposes an alternative, and more rational, method 

to account for diaphragm flexibility by explicitly considering 

the interaction between the elastically responding in-plane 

walls and the diaphragms.  

In the first part of the paper, the modal properties of structures 

with an idealised diaphragm configuration are derived to show 

that two modes of the combined system are closely related to a 

given mode of the uncoupled in-plane wall. These two modes 

are further shown to retain the same proportion of the mass 

participation as the associated mode of the uncoupled in-plane 

wall, leading to the concept of the two-mode analysis in 

capturing the effect of diaphragm flexibility. The applicability 

of the two-mode analysis for more general diaphragm 

configurations is evaluated by sensitivity analysis, and the 

limitation of the approach is identified. In the second part of 

the paper, the two-mode approach is used to derive an 

expression for the modification of the peak base shear to 

account for flexible diaphragms in the context of the linear 

static method. A numerical validation is provided to 

demonstrate that the proposed method gives more consistent 

results in comparison to dynamic analyses than existing 

procedures for a wide range of diaphragm stiffness. 

STRUCTURAL IDEALISATION 

It is considered that symmetric, or essentially symmetric, 

unreinforced masonry buildings with flexible diaphragms can 

be idealised as planar discrete multi-degree-of-freedom 

(MDOF) systems as shown in Figure 1. In the idealisation, the 

out-of-plane walls are assumed to be cracked and their 

stiffness contributions are neglected, while their masses are 

appropriately distributed to the diaphragm and in-plane wall 

degrees of freedom. 

Even though the in-plane walls are conceptually represented in 

a discrete manner, the difficulty associated with the derivation 

of storey stiffness of perforated walls [10, 11] is avoided in the 

analysis that follows, by characterising their elastic properties 

by the uncoupled wall’s periods and mode shapes. 

The SDOF idealisation of the diaphragm at each level requires 

the definitions of the equivalent mass and the period. The 

idealisation adopted in this study follows a similar approach to 

[12], in which the equivalent SDOF system is constructed 

such that it produces (1) the same period, and (2) the same 

total resisting force, of the diaphragm when it deforms in an 

assumed displacement shape. The first condition has been 

investigated by [4], who showed that the shear beam 

idealisation best approximates the deformed shape of single 

straight-sheathing diaphragms typically found in older URM 

buildings. By the generalised SDOF analysis [13], the period 

of the diaphragms deforming in shear has been shown to be 

𝑇𝑑 = 0.7√
𝑊𝐷𝐿

𝐺𝑑𝐵
 (4) 

where WD is the total tributary weight of the diaphragm 

including any tributary weight of the out-of-plane walls, L and 

B are the dimensions of the diaphragms perpendicular and 

parallel to the direction of loading respectively, and Gd is the 

stiffness of the diaphragm. Using the consistent shear beam 

idealisation, the equivalent mass satisfying the second 

condition can also be derived by the generalised SDOF 

analysis as 

𝑚𝑑 =
126

155

𝑊𝐷

𝑔
 (5) 

The equivalent SDOF idealisation of the diaphragm is hence 

defined by Equations 4 and 5 and the equivalent stiffness may 

also be obtained from these expressions.  The mass and the 

stiffness of the combined structure (m and k) can then be 

written in terms of the uncoupled component matrices, mw and 

kw for the in-plane wall and md and kd for the diaphragms, 

𝒎 = [
𝒎𝑤 𝟎

𝟎 𝒎𝑑
] , 𝒌 =  [

𝒌𝑤 + 𝒌𝑑 −𝒌𝑑

−𝒌𝑑 𝒌𝑑
] (6) 

As an example, for the two-storey model of Figure 1, the 

uncoupled matrices can be written as 
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𝒎𝑤 = [
𝑚𝑤1 0

0 𝑚𝑤2
] , 𝒌𝑤 =  [

𝑘𝑤1 + 𝑘𝑤2 −𝑘𝑤2

−𝑘𝑤2 𝑘𝑤2
]  

𝒎𝑑 = [
𝑚𝑑1 0

0 𝑚𝑑2
] , 𝒌𝑑 =  [

𝑘𝑑1 0
0 𝑘𝑑2

] (7) 

 

 

Figure 1: Idealisation of symmetric structures. 

MODAL ANALYSIS 

Modal Properties of Idealised Diaphragm Configuration 

The modal properties of the planar model in Figure 1 can be 

shown to be functions of the uncoupled in-plane wall’s normal 

modes under a particular diaphragm condition. 

Consider the undamped free vibration of the planar model 

[
𝒎𝑤 𝟎

𝟎 𝒎𝑑
] [

𝒖̈𝑤

𝒖̈𝑑
] + ([

𝒌𝑤 𝟎
𝟎 𝟎

] + [
𝒌𝑑 −𝒌𝑑

−𝒌𝑑 𝒌𝑑
]) [

𝒖𝑤

𝒖𝑑
] = 𝟎 (8) 

where uw and ud are the relative displacement vectors (with 

respect to the ground) of the in-plane wall and the diaphragms 

respectively, of size equal to the number of floors. 

Differentiation with respect to time is denoted by over-script 

dots. The dynamic properties of the combined structure can be 

related to the modal properties of the uncoupled components 

by the transformation [14], 

[
𝒖𝑤

𝒖𝑑
] = [

𝚽𝑤
′ 𝟎

𝟎 𝚽𝑑
′ ] [

𝒒𝑤

𝒒𝑑
] = 𝚲𝒒 (9) 

where the columns of the matrices Φw' and Φd' contain the 

eigenvectors of the uncoupled in-plane wall and the 

diaphragms respectively, normalised such that 

𝚽𝑤
′T𝒎𝑤𝚽𝑤

′ = 𝐈 (10) 

𝚽𝑑
′T𝒎𝑑𝚽𝑑

′ = 𝐈 (11) 

where I is the identity matrix. Substituting Equation 9 in 

Equation 8 and pre-multiplying by ΛT gives 

𝒎∗𝒒̈ + 𝒌∗𝒒 = 𝟎 (12) 

where 

𝒎∗ = [
𝚽𝑤

′T 𝟎

𝟎 𝚽𝑑
′T] [

𝒎𝑤 𝟎
𝟎 𝒎𝑑

] [
𝚽𝑤

′ 𝟎

𝟎 𝚽𝑑
′ ] = 𝐈 (13) 

𝒌∗ = [𝛀𝑤
2 0

0 0
] + [

𝚽𝑤
′T𝒌𝑑𝚽𝑤

′ −𝚽𝑤
′T𝒌𝑑𝚽𝑑

′

−𝚽𝑑
′T𝒌𝑑𝚽𝑤

′ 𝛀𝑑
2 ] (14) 

The diagonal matrices Ωw and Ωd contain the modal 

frequencies of the uncoupled in-plane wall and diaphragms 

respectively. The eigenvalue problem of the transformed 

Equation 12 is 

(𝒌∗ − 𝜔𝑗
2𝐈)𝝓𝑗

∗ = 𝟎 (15) 

where ωj is the jth frequency and ϕj
* is the jth mode shape (in 

the transformed coordinate) of the combined structure. Note 

that the size of ϕj
* is twice the number of floor levels as it 

contains both the in-plane wall’s and the diaphragms’ degrees 

of freedom. Closed-form solutions are readily obtained, if the 

following conditions are imposed on the diaphragms 

configuration: 

 the equivalent mass of the diaphragm at any floor 

level is a constant fraction Rm of the tributary mass 

of the in-plane wall at the same level; and 

 the periods of the diaphragms are equal at all levels. 

These conditions are expressed mathematically as 

𝒎𝑑 = 𝑅𝑚𝒎𝑤 (16) 

𝛀𝑑 = 𝜔𝑑𝐈 (17) 

By the dynamics of a SDOF system, it also follows that 

𝒌𝑑 = 𝜔𝑑
2𝒎𝑑 (18) 

By substituting Equations 16 to 18 in Equation 15 and writing 

out the equations corresponding to the in-plane wall and the 

diaphragms separately, ϕj
* = [ϕwj

*  ϕdj
*]T, yields the following 

simultaneous equations 

(𝛀𝑤
2 − 𝜔𝑗

2𝐈)𝝓𝑤𝑗
∗ = −𝜔𝑑

2(𝑅𝑚𝝓𝑤𝑗
∗ − 𝚽𝑤

′T𝒎𝑑𝚽𝑑
′ 𝝓𝑑𝑗

∗ ) (19) 

−𝜔𝑗
2𝝓𝑑𝑗

∗ = −𝜔𝑑
2(−𝚽𝑑

′T𝒎𝑑𝚽𝑤
′ 𝝓𝑤𝑗

∗ + 𝝓𝑑𝑗
∗ )                (20) 

Equation 20 can be re-arranged to give the expression for the 

diaphragms’ mode shape in terms of the mode shape of the in-

plane wall 

𝝓𝑑𝑗
∗ =

𝜔𝑑
2

𝜔𝑑
2−𝜔𝑗

2 (𝚽𝑑
′T𝒎𝑑𝚽𝑤

′ )𝝓𝑤𝑗
∗     (21) 

Substituting Equation 21 in Equation 19 and applying the 

mass orthonormal condition (Equations 10 and 11) gives a 

diagonalised equation with the unknowns ωj and ϕwj
* 

[𝜔𝑗
4𝐈 − 𝜔𝑗

2(𝛀𝑤
2 + 𝜔𝑑

2(1 + 𝑅𝑚)𝐈) + 𝜔𝑑
2𝛀𝑤

2 ]𝝓𝑤𝑗
∗ = 𝟎 (22) 

For a nontrivial solution, 

𝑑𝑒𝑡[𝜔𝑗
4𝐈 − 𝜔𝑗

2(𝛀𝑤
2 + 𝜔𝑑

2(1 + 𝑅𝑚)𝐈) + 𝜔𝑑
2𝛀𝑤

2 ] = 0  (23) 

Because the matrices in Equation 23 are triangular (more 

specifically, diagonal), the determinant is the product of the 

diagonal entries [15]. For the determinant to equal zero, each 

term of the product must equal zero, hence 

𝜔𝑗
4 − 𝜔𝑗

2[𝜔𝑤𝑛
2 + 𝜔𝑑

2(1 + 𝑅𝑚)] + 𝜔𝑑
2𝜔𝑤𝑛

2 = 0 (24) 

where ωwn denotes the nth diagonal entry of Ωw. As Equation 

24 is a quadratic in ωj
2, two solutions exist for ωj

2 for each nth 

mode of the uncoupled in-plane wall. Denoting these by ωn,L
2 

and ωn,U
2 (L for lower and U for upper eigenvalues), 

𝜔𝑛,𝐿
2 =

𝜔𝑤𝑛
2 +𝜔𝑑

2 (1+𝑅𝑚)−√[𝜔𝑤𝑛
2 +𝜔𝑑

2(1+𝑅𝑚)]
2

−4𝜔𝑑
2 𝜔𝑤𝑛

2

2
 (25) 

𝜔𝑛,𝑈
2 =

𝜔𝑤𝑛
2 +𝜔𝑑

2 (1+𝑅𝑚)+√[𝜔𝑤𝑛
2 +𝜔𝑑

2 (1+𝑅𝑚)]
2

−4𝜔𝑑
2𝜔𝑤𝑛

2

2
 (26) 

Equations 25 and 26 show that two modes of the combined 

system can be attributed to each mode of the uncoupled in-

plane wall. The normal mode of the uncoupled in-plane wall is 

herein referred to as the “original mode”. The two modes of 

the combined structure attributed to the nth original mode are 

referred to collectively as the nth “mode pair”. 

In Figure 2 the frequencies of the mode pair are plotted as 

normalised to the frequency of the original mode. When the 

diaphragm is overly flexible, the higher mode approaches the 

frequency of the uncoupled in-plane wall while the lower 

mode’s frequency tends to zero. In addition, the frequencies of 

the mode pair become independent of the mass ratio. These 

observations suggest that the interactions between the 
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diaphragms and the in-plane wall become negligible as the 

diaphragm becomes completely flexible. Conversely, when 

the diaphragm is very stiff, the higher mode increases 

exponentially, while the lower mode approaches a frequency 

somewhat smaller than that of the uncoupled in-plane wall. 

This reduction in the lower mode’s frequency depends on the 

mass ratio; in fact, the frequency approaches that of the rigid 

diaphragm condition, with the reduction in the frequency 

proportional to 1/√(1+Rm). 

 

Figure 2: Frequencies of mode pair. 

The correspondence between the original mode and the mode 

pair can be further illustrated by their mode shapes. By 

substituting Equation 25 or 26 in the transformed Equation 22, 

it can be seen the standard basis vectors provide the required 

solution for ϕwn,L
* and ϕwn,U

* 

𝝓𝑤1,〈.〉
∗ = [1 0 ⋯ ]T, 𝝓𝑤2,〈.〉

∗ = [0 1 0 ⋯ ]T 𝑒𝑡𝑐. (27) 

To simplify the notation, ‹.› is used to replace the subscripts L 

or U in the above and the following expressions. Where ‹.› 

appears multiple times in an equation, they refer to the 

consistent component (L or U) of the mode pair. Applying the 

transformation back to the physical coordinate (Equation 9) 

yields 

𝝓𝑤𝑛,〈.〉 = 𝚽𝑤
′ 𝝓𝑤𝑛,〈.〉

∗ = 𝝓𝑤𝑛
′  (28) 

where ϕwn' is the nth column vector of Φw' and ϕwn,‹.› is the 

eigenvector corresponding to the in-plane wall’s degree of 

freedom of the nth mode pair. The expression shows that the 

in-plane wall’s mode shape (of the nth mode pair) is 

proportional to the original, uncoupled in-plane wall’s mode 

shape. The mode shape of the diaphragms in the nth mode pair 

can be calculated from Equations 21, 28 and 9 as 

𝝓𝑑𝑛,〈.〉 =
𝜔𝑑

2

𝜔𝑑
2 −𝜔𝑛,〈.〉

2 𝝓𝑤n
′  (29) 

In this expression, the displacement vector ϕdn,‹.› is expressed 

as relative to the ground. Equation 29 also indicates that the 

mode shapes of the diaphragms are proportional to that of the 

original mode. Figure 3 shows the plot of the normalised mode 

shapes of the combined structure. The in-plane wall and the 

diaphragms are in-phase in the lower mode pair, and are out-

of-phase in the higher mode pair.  

The properties of the mode pair derived in this section are 

specific to the diaphragm conditions of Equations 16 and 17. 

Under these conditions, a correspondence between the mode 

properties of the combined system and those of the uncoupled 

in-plane wall has been identified. Specifically, two modes 

(mode pair) of the combined system arise from each mode of 

the uncoupled in-plane wall (original mode). The mode shapes 

of the mode pair are proportional to that of the original mode. 

The in-plane wall and diaphragms are in-phase in the lower 

mode pair, and are out-of-phase in the higher mode pair. The 

significance of the mode pair is described in the next section. 

 

Figure 3: Mode shapes of mode pair. 

Significance of Mode Pair for Seismic Analysis 

In the seismic analysis of linearly elastic structures, it is 

usually sufficient to include only the first few modes to 

calculate the peak response quantities. A common parameter 

used to determine the number of modes to include, as typically 

specified in seismic codes, is the proportion of the effective 

modal mass to the total seismic mass of the structure. The 

effective modal mass Mn may be obtained as the sum of the 

effective earthquake force distribution sn [13]. 

 

(a) In-plane walls 

 

(b) Diaphragms 

Figure 4: Scaling factors applied to the equivalent 

static force of uncoupled in-plane wall. 
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𝑀𝑛 = 𝟏T𝒔𝑛 (30) 

where 

𝒔𝑛 = Γ𝑛𝒎𝝓𝑛 =
𝝓𝑛

T𝒎𝟏

𝝓𝑛
T𝒎𝝓𝑛

𝒎𝝓𝑛 (31) 

For the diaphragm configuration specified in Equations 16 and 

17, Equation 31 for the mode pair can be evaluated as  

𝒔𝑛,〈.〉 = [
𝑓𝑤𝑛,〈.〉𝒔𝑤𝑛

𝑓𝑑𝑛,〈.〉𝒔𝑤𝑛
] (32) 

where swn is the effective earthquake force distribution of the 

original mode defined analogously to Equation 31. The 

coefficients fwn,‹.› and fdn,‹.› may be thought of as scaling 

factors applied to the in-plane wall and the diaphragms 

respectively, 

𝑓𝑤𝑛,〈.〉 =
1+𝑅𝑚(

𝜔𝑑
2

𝜔𝑑
2 −𝜔𝑛,〈.〉

2 )

1+𝑅𝑚(
𝜔𝑑

2

𝜔𝑑
2 −𝜔𝑛,〈.〉

2 )

2 ,

𝑓𝑑𝑛,〈.〉 = 𝑅𝑚 (
𝜔𝑑

2

𝜔𝑑
2 −𝜔𝑛,〈.〉

2 ) 𝑓𝑤𝑛,〈.〉 (33) 

The plots of fwn,‹.› and fdn,‹.› are shown in Figure 4 for the 

mode pair. The sum of fwn,‹.› of the mode pair, also indicated 

in Figure 4, is always 1, while the sum of fdn,‹.› is Rm. The total 

effective mass included in the analysis, if both modes of the 

mode pair are used (denoted by Mn,LU), can hence be given by 

𝑀𝑛,𝐿𝑈 = ∑ 𝟏T𝒔𝑛,〈.〉 = 𝟏T𝒔𝑤𝑛 ∑(𝑓𝑤𝑛,〈.〉 + 𝑓𝑑𝑛,〈.〉) =
(1 + 𝑅𝑚)𝑀𝑤𝑛 (34) 

where the summation is taken over the nth mode pair and Mwn 

=1Tswn is the effective modal mass of the original mode. The 

ratio of the modal mass included in the analysis to the total 

seismic mass of the structure is 

𝑀𝑛,𝐿𝑈

𝟏T(𝒎𝑤+𝒎𝑑)𝟏
=

(1+𝑅𝑚)𝑀𝑤𝑛

𝟏T𝒎𝑤(1+𝑅𝑚)𝟏
=

𝑀𝑤𝑛

𝟏T𝒎𝑤𝟏
 (35) 

The significance of Equation 35 becomes clear by recognising 

that the right hand side of the equation expresses the 

proportion of the nth modal mass of the uncoupled in-plane 

wall to its total seismic mass. Equation 35 therefore states that 

the mode pair retains the same proportion of the modal mass 

of the combined structure as that of the original mode. This 

property is particularly attractive for low-rise URM buildings, 

for which the uncoupled in-plane wall’s behaviour is likely to 

be dominated by its fundamental mode. This leads to the 

concept of the two-mode analysis, whereby the response of the 

structure is approximated by the mode pair (defined by 

Equations 25, 26, 28 and 29) corresponding to the 

fundamental mode of the uncoupled in-plane wall. The 

applicability of this two-mode analysis concept is evaluated 

for more general diaphragm configurations in the next section. 

SENSITIVITY ANALYSIS 

Parameters Investigated 

The validity of the assumptions and the errors inherent in the 

two-mode analysis approach is evaluated through a sensitivity 

analysis, by varying the number of storeys, characteristics of 

the input excitation, the reference mass ratio and the period of 

the diaphragms, as well as the variations introduced in the 

diaphragm configuration. 

Two, three and four storey models are considered, with the 

reference fundamental periods of the uncoupled in-plane wall 

(Tw) corresponding to 0.178 s, 0.241 s and 0.3 s respectively. 

These period values are calculated based on the empirical 

period formula of AS 1170.4 [16] 

𝑇𝑟𝑖𝑔 = 0.0625ℎ0.75 (36) 

where h is the height of the building, calculated assuming all 

storey heights to be 3.2 m. As Trig applies to rigid diaphragm 

structures, Tw is obtained by eliminating the mass attributed to 

the diaphragms. For simplicity, it is considered that an equal 

amount of mass is attributed to the diaphragms (representing 

the mass of the out-of-plane loaded walls) and the in-plane 

wall, such that 

𝑇𝑤 =
𝑇𝑟𝑖𝑔

√2
 (37) 

The tributary mass of the in-plane wall is set to 10 tons at all 

levels except at the roof, where it is halved to approximate the 

reduction in the tributary height. It should be noted that the 

magnitude of the mass has no effect on the displacement 

responses of classically damped systems, if the damping is 

specified as a fraction of the critical damping value for each 

mode. The stiffnesses of the in-plane walls are adjusted so that 

the fundamental mode shape of the uncoupled in-plane wall is 

linear in all cases. 

The reference diaphragm condition consistent with Equations 

16 and 17 is determined by the reference mass ratio Rm and 

the reference diaphragm period Td. The variations in these 

parameters are independently controlled by εm and εT 

respectively. Four different variation profiles are considered, 

as shown in Figure 5. The figure shows the profiles for the 

positive εm variation as applied to a three storey model. 

Similar variations are investigated for the diaphragm periods, 

by the parameter εT. For the linear and the alternating profiles, 

 

Figure 5: Variation in the reference mass ratio (for variation in reference period, replace Rm by Td and εm by εT). 
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the reference values equal the average configurations of the 

diaphragms. For the top variation and the bottom variation 

profiles, all but one level have the reference values. The 

parameters εm and εT are varied independently from −0.5 to 

0.5. The reference mass ratio Rm is varied from 0.5 to 2, and 

the diaphragm period Td from 0.1 s to 2 s. These values are 

considered to encompass the likely range of parameters for 

typical existing URM buildings with timber diaphragms. 

Acceleration Records 

The sensitivity of the two-mode analysis to the input spectral 

shape is assessed by considering two sets of acceleration 

records. The first set consists of six natural accelerograms 

selected from the CUREE testing protocol [17] as scaled by 

[18]. As listed in Table 1, these records were measured in 

California on stiff soil (NEHRP site class C and D). The 

second set consists of artificial accelerograms compatible with 

AS 1170.4 on rock sites [19], which exhibit the dominance of 

high frequency content typical of intraplate regions. The mean 

pseudo-acceleration spectra of the two sets of records are 

shown normalised to their peak ground accelerations in Figure 

6. 

  

Figure 6: Comparison of the mean spectra of two sets 

of records. 

Analysis Procedure 

For each parameter combination, two analyses are conducted. 

The first analysis is performed with the actual configuration of 

the diaphragms, including the variations in the mass ratio and 

the period. The time-history responses are calculated by 

Newmark’s constant average acceleration method (γ = 0.5 and 

β = 0.25), with a constant damping ratio of 5% applied to all 

modes. The second analysis is carried out by using the 

reference values of diaphragms, Rm and Td, and the mode pair 

corresponding to the fundamental mode of the uncoupled in-

plane wall. For each mode, modal time-history displacements 

are solved and are superimposed to obtain the combined 

response of the mode pair. A constant damping ratio of 5% is 

also used in the second set of analyses to eliminate the 

influence of damping in the comparison of results. 

Response Parameters 

The two-mode analysis is evaluated based on the mean peak 

base shear and the interstorey drift of the in-plane wall. These 

are considered to represent the global and the local parameters 

most applicable in assessing the response of a building. 

Furthermore, the results are reported by the ratios of the mean 

peak responses (denoted generically as r) from the two-mode 

analysis (rest) to the complete analysis (ract) 

𝑟 =
𝑟𝑒𝑠𝑡

𝑟𝑎𝑐𝑡
 (38) 

Error in Base Shear Estimation 

The accuracy of the base shear estimation is found to depend 

on the flexibility of the diaphragms. In Figure 7, the range of 

the base shear ratios (Equation 38) for the four-storey model 

with εT of −0.3 is shown as a function of the period ratio, RT = 

Td / Tw. The plot shows the typical sensitivity characteristics 

observed, and includes all variation profiles. As shown in the 

figure, the two-mode analysis produces accurate results when 

the diaphragms become very flexible. The negligible influence 

of the very flexible diaphragms implies the in-plane wall to 

respond independent of the diaphragms. The largest error is 

generally observed when RT is between 1 and 4, suggesting 

that the diaphragms have the most potential to modify the 

response of the in-plane wall when they are neither very stiff 

nor overly flexible.  

The reference mass ratio shows no consistent influence on the 

maximum error in the estimation of the base shear. However, 

larger Rm typically results in larger errors in the flexible 

diaphragm range, approximately for RT > 4. 

No significant differences in the maximum error are observed 

for the two sets of input accelerograms. However, the natural 

accelerograms tend to result in larger errors in the range RT > 

4.

 

 

Table 1. List of natural accelerograms. 

Event Station Year Mw Closest distance 

(km) 

NEHRP site 

class 

Scaling 

factor 

Superstition Hills Plaster City 1987 6.7 21 D 2.2 

Northridge 
Canoga Park - 

Topanga Can 
1994 6.7 15.8 D 1.2 

Northridge 
N. Hollywood - 

Colwater Can 
1994 6.7 14.6 C 1.7 

Loma Prieta Gilroy Array # 4 1989 6.9 16.1 D 1.3 

Cape Mendocino 
Rio Dell Overpass - 

FF 
1992 7.1 18.5 C 1.2 

Landers Yermo Fire Station 1992 7.3 24.9 D 2.2 
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(a) Natural accelerograms (b) Artificial accelerograms 

Figure 7: Ratio of mean peak base shear of the two-mode analysis to the actual results for four-storey model with εT of 
−0.3. 

  

(a) Two-storey model (b) Four-storey model 

Figure 8: Envelope of mean peak base shear ratio of top variation in εT for natural accelerograms. 

  

(a) Two-storey model (b) Four-storey model 

Figure 9: Envelope of mean peak base shear ratio of linear variation in εT for natural accelerograms. 
 

The envelopes of the maximum and the minimum base shear 

ratios are shown in Figure 8 for the top variation and in Figure 

9 for the linear εT variation profiles for the natural 

accelerogram records. While not shown, similar results are 

obtained for the artificial accelerograms. The errors resulting 

from the variations in εm are also found to be similar to those 

of εT. Furthermore, results for the bottom variation and the 

alternating variation profiles are similar to those obtained for 

the top variation profile. As Figure 8 and Figure 9 show, the 

linear variation results in the largest error of the two-mode 

analysis. While the errors in the other variation profiles are 

insensitive to the number of storeys, the error for the linear 

variation grows with the number of storeys. 

For the top, bottom and alternating variation profiles, the error 

in the base shear estimation using the two-mode analysis can 

be limited to ±20% if εm and εT are within ±30% of the 

reference values. For the linear variation, up to +40% error 

can be observed for the four-storey structures by keeping εm 
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and εT to within ±30% of the reference values. In general, 

there is a tendency for the two-mode analysis to overestimate 

the actual base shear. This may be attributed to the assumption 

of the equal diaphragm period inherent in the two-mode 

analysis, as this assumption results in the perfect correlation of 

the inertial forces transferred from the diaphragms to the in-

plane wall. 

Error in Interstorey Drift Estimation 

The two-mode analysis generally results in larger errors in the 

interstorey drift estimation in comparison to the base shear. 

For the top and the linear variation profiles, the variation in εm 

results in larger errors than the variation in εT, while for the 

bottom and the alternating variation profiles, εm and εT lead to 

similar levels of errors. This finding is shown in the ratios of 

the interstorey drifts of the bottom and linear variation profiles 

for the four-storey model, corresponding to εT  (Figure 10) and 

εm (Figure 11). While not shown, the maximum error envelope 

of the top variation profile is similar to that of the linear 

variation profile, while the alternating variation profile tends 

to be between the bottom and the top variation profiles. 

 

(a) Bottom variation profile 

 

(b) Linear variation profile 

Figure 10: Envelope of ratios of mean peak interstorey 

drift for four-storey model with variation in 

εT for natural accelerograms. 

From Figure 11, the two-mode analysis can be seen to produce 

conservative results when the mass ratio of the top level is less 

than the reference value (εm < 0), while noticeable 

underestimations may result when the top level has larger 

mass ratio (εm > 0). These observations have been consistently 

found for the top and the linear variation profiles, for both sets 

of accelerograms. 

 

(a) Bottom variation profile 

 

(b) Linear variation profile 

Figure 11: Envelope of ratios of mean peak interstorey 

drift for four-storey model with variation in 

εm for natural accelerograms. 

The estimation of the interstorey drift can also be somewhat 

sensitive to the spectral shape of the excitation. The artificial 

accelerograms appear to induce larger participation of higher 

modes that are not considered in the mode pair analysis. This 

is seen in Figure 12, in which a constant level of error persists 

even for very flexible diaphragms. 

 

Figure 12: Ratio of mean interstorey drifts of the two-

mode analysis to the actual results for four-

storey mode with εT of −0.3. 

For buildings of up to three storeys, the error can be limited to 

between approximately −20% and +40% if εT is within ±30% 

of the reference value. For the four-storey models, an error of 

up to +60% may be obtained under the same condition. The 

variation in εm leads to even larger errors. For buildings of up 
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to three storeys, errors between −20% and +60% are obtained 

for the bottom and the alternating variation profiles, if εm is 

within ±30% of the reference value. For the top and the linear 

variation profiles, the upper-bound errors increase to +90%. 

When the four-storey models are considered, significant 

overestimations (>100%) and underestimations (−60%) may 

be obtained. 

The two-mode analysis appears to be appropriate in estimating 

the mean peak base shear of a structure with flexible 

diaphragms within the range of parameters investigated. 

However, the estimations of the local parameters, such as 

interstorey drifts, can become rather poor. It is envisaged that 

improved predictions of local demands can be achieved by 

modifying the mode shape assumed in the two-mode analysis. 

Recommended Use of Two-mode Analysis 

From the sensitivity analysis, the following criteria are 

suggested for application of the two-mode analysis: 

 the number of storey to be limited to three; 

 the variation profile should be selected so that εm 

and εT are minimised, and within approximately 

±0.3; 

 the bottom variation profile is the most favourable 

for both εm and εT, followed by the alternating, top 

and linear profiles; and 

 for conservative estimates, the mass ratio of the 

topmost level to be smaller than the reference value 

Rm, if the top or the linear variation profile is used. 

These condition are aimed at limiting the error in the mean 

peak base shear estimations to ±20%, while eliminating the 

excessive errors observed for the interstorey drift predictions. 

APPLICATION TO LINEAR STATIC PROCEDURE 

An improvement to the linear static procedure is proposed by 

utilising the finding that the two-mode analysis can generally 

provide reasonable predictions of the mean peak base shear. 

Expressions for the mode pair to be used in the method are 

firstly summarised. A coefficient that captures the effect of 

diaphragm flexibility on the base shear (base shear 

modification factor) is then derived analytically.  

Formulae for Mode Pair 

The mode pair corresponding to the fundamental mode is used 

in the linear static method. For the uncoupled in-plane wall 

with the fundamental period Tw, the periods of the mode pair 

(from Equations 25 and 26) can be written as 

𝑇1 = 𝑇𝑤 (
2𝑅𝑇

2

𝑅𝑇
2+(1+𝑅𝑚)−√[𝑅𝑇

2+(1+𝑅𝑚)]
2

−4𝑅𝑇
2
)

0.5

 (39) 

𝑇2 = 𝑇𝑤 (
2𝑅𝑇

2

𝑅𝑇
2+(1+𝑅𝑚)+√[𝑅𝑇

2+(1+𝑅𝑚)]
2

−4𝑅𝑇
2
)

0.5

 (40) 

where RT = Td / Tw is the reference period ratio and Rm is the 

reference mass ratio. The scaling factors (Equation 33) of the 

effective earthquake force distribution are also given in an 

alternative dimensionless form as 

𝑓𝑤𝑖 =
1+𝑅𝑚𝛽𝑖

1+𝑅𝑚𝛽𝑖
2 , 𝑓𝑑𝑖 = 𝑅𝑚𝛽𝑖𝑓𝑤𝑖 , 𝑖 = 1,2 (41) 

where 

𝛽𝑖 =
𝑇𝑖

2

𝑇𝑖
2−(𝑅𝑇𝑇𝑤)2 , 𝑖 = 1,2 (42) 

Base Shear Modification Factor 

The base shear modification factor, that expresses the effect of 

the flexible diaphragms on the peak base shear of the 

uncoupled in-plane wall, is herein derived analytically. Firstly 

considering the uncoupled in-plane wall, any peak response in 

the fundamental mode (denoted by rw' ) can be written as [13] 

𝑟𝑤
′ = 𝑟𝑤

′𝑠𝑡𝑆𝑎(𝑇𝑤) (43) 

where rw' st is the static response of the wall subjected to sw, as 

defined in Equation 31 for the uncoupled in-plane wall, and Sa 

is the ordinate of the pseudo-acceleration spectrum at the 

fundamental period of the uncoupled in-plane wall. 

For linearly elastic structures, a proportionality exists between 

the applied force and the response, 

𝑟𝑤
′𝑠𝑡 ∝ 𝒔𝑤 (44) 

Using the expression of Equation 32, similar proportionality 

can also be written for the in-plane wall in the combined 

structure 

𝑟𝑤𝑖
𝑠𝑡 ∝ (𝑓𝑤𝑖 + 𝑓𝑑𝑖)𝒔𝑤, 𝑖 = 1,2 (45) 

where  fwi and  fdi can be obtained from Equation 41. Because 

the proportionality in Equations 44 and 45 is governed by the 

stiffness of the in-plane wall, which is identical in the 

uncoupled and the combined systems, the two expressions 

imply 

𝑟𝑤𝑖
𝑠𝑡 = (𝑓𝑤𝑖 + 𝑓𝑑𝑖)𝑟𝑤

′𝑠𝑡 , 𝑖 = 1,2 (46) 

The peak dynamic in-plane wall’s response in the combined 

structure rw can then be approximated by the square-root-of-

sum-of-squares (SRSS) combination of the mode pair, because 

the modes are widely spaced (see Figure 2), 

𝑟𝑤 = 𝑟𝑤
′𝑠𝑡√∑ [(𝑓𝑤𝑖 + 𝑓𝑑𝑖)𝑆𝑎(𝑇𝑖)]22

𝑖=1  (47) 

where Ti is obtained from Equations 39 and 40. By 

specialising the response parameter to the base shear, the base 

shear modification factor is defined by 

𝐶𝐵 =
𝑉𝑏

𝑉𝑏
′ =

√∑ [(𝑓𝑤𝑖+𝑓𝑑𝑖)𝑆𝑎(𝑇𝑖)]22
𝑖=1

𝑆𝑎(𝑇𝑤)
 (48) 

where Vb is the approximated base shear of the combined 

structure and Vb' is the base shear of the uncoupled in-plane 

wall. Hence by knowing the base shear of the uncoupled in-

plane wall, the base shear of the combined structure 

accounting for the diaphragm vibration is given by 

𝑉𝑏 = 𝐶𝐵𝑉𝑏
′ (49) 

Calculation of Tw 

In evaluating Equations 39 and 40, the fundamental period of 

the in-plane wall is required. Several options are available to 

calculate Tw: 

 The in-plane wall may be modelled using frame 

elements with rigid offsets at nodal regions. Eigenvalue 

analysis can then be conducted. This approach option 

requires the use of software. 

 The stiffness of the solid walls may be calculated using 

the mechanics for homogeneous materials, considering 

both the shear and the flexural deformations. For walls 

with openings, the wall stiffness may be obtained from 

the individual stiffnesses of piers by assuming 

appropriate boundary conditions. The typical common 

assumptions on the boundary condition are (1) strong 
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pier - weak spandrel (i.e. cantilever piers), or (2) weak 

pier - strong spandrel (i.e. each pier in double bending). 

Once the wall stiffness is calculated, the Rayleigh’s 

method [1] may be used to obtain the fundamental 

period. 

Alternatively, the estimation of Tw may be avoided completely 

if a simplified analysis method is used, as described in the 

following section. 

Simplified Method 

The calculation of Tw admittedly involves a large 

approximation, especially if a wall stiffness is estimated from 

the individual pier stiffnesses. The sensitivity of the modified 

base shear (Equation 49) to variations in Tw is therefore 

investigated. Figure 14 shows a contour plot of VB (as 

normalised to the weight of the structure), against the 

uncoupled in-plane wall period and the diaphragm period. The 

plot is generated from the expressions in Equations 39 to 49, 

using the design spectrum of NZS 1170.5 [20] on site subsoil 

class B (Figure 13), with the peak ground acceleration of 0.22 

g. The mass ratio is set to 1. The transition periods of the 

design spectra are denoted as TB and TC as shown in Figure 

13. These periods are also indicated in Figure 14. It can be 

observed that for a given value of Td, the base shear is rather 

insensitive to variations in Tw. Furthermore, a reasonable 

conservative estimate can be made by setting Tw = TB for the 

typical period range of interest for URM buildings with 

flexible diaphragms (small Tw and moderate to large Td). 

Consistent observations were made for other soil types and 

mass ratios. Hence a simplification is suggested for a practical 

application, by setting Tw = TB.  

In order to facilitate the use of the simplified method, the 

values of base shear modification factor (CB) corresponding to 

Tw = TB are provided in Appendix B for the design spectra of 

NZS 1170.5. It is notable that CB reduces with the increasing 

diaphragm flexibility. This suggests that the multi-mode 

behaviour associated with diaphragm flexibility leads to a 

general reduction in the base shear. 

Note that the charts are developed using design spectra 

corresponding to the modal and time-history analyses (as 

opposed to the equivalent static analysis). This is because the 

spectra corresponding to the modal and time-history analyses 

reflect the hazard spectra, while those of the equivalent static 

analysis contain a cut-off period associated with the 

uncertainty involved in the estimation of short fundamental 

periods [21]. However, accounting for such uncertainty does 

not seem appropriate in the proposed method.  

Once Td  and Rm are calculated, these charts can be read off to 

obtain the value of the modification factor corresponding to 

the site subsoil class of interest. This avoids the need to 

calculate Tw. The base shear of the uncoupled in-plane wall 

can be obtained using the peak ordinate of the design spectra. 

It should be noted, however, that this simplified method is to 

be used only in conjunction with smooth design spectra, and 

not with individual earthquake records. 

Analysis Steps 

The proposed linear static method consists of the following 

steps, applicable to essentially symmetric structures of up to 

three storeys in height: 

1. Calculate the tributary masses of the in-plane wall and 

the diaphragms. 

 

 

Figure 13:     Design spectral shape factor of NZS 1170.5 for 

site subsoil class B.  

 

Figure 14:        Contour plot of VB (Equation 49). 

2. Multiply the tributary masses of the diaphragms by 

126/155 (Equation 5) to obtain the effective masses of the 

diaphragms. Calculate the mass ratio by dividing the 

effective diaphragm mass by the tributary mass of the in-

plane wall at each level. Calculate the reference 

diaphragm mass ratio, Rm by selecting an appropriate 

variation profile of Figure 5, ensuring that εm is within 

±0.3. 

3. Calculate the periods of the diaphragms (Equation 4, also 

refer [4, 22]) and the reference diaphragm period Td by 

selecting an appropriate variation profile of Figure 5 (by 

replacing Rm and εm of Figure 5 by Td and εT respectively), 

ensuring that εT is within ±0.3. Note that the variation in 

Td does not need to assume the same profile as that of Rm. 

4. Calculate the fundamental period (Tw) and the mode shape 

(ϕ) of the uncoupled in-plane wall. Alternatively, the 

simplified method can be used, by assuming Tw = TB. 

5. Calculate CB from Equation 48, using the associated 

expressions in Equations 39 to 42. If the simplified 

method is used, CB may be read off from one of the charts 

provided in Appendix B. 

6. Calculate the peak base shear of the uncoupled in-plane 

wall (VB'), by multiplying the seismic mass of the in-plane 

wall by Sa(Tw), where Sa is the ordinate of the pseudo-

acceleration spectrum. If the simplified method is used, 

the peak ordinate of the spectrum should be used. 

7. In order to account for the inelastic deformation, the base 

shear may be further modified, for example, by C1, C2 and 

Cm of Equation 1. However, further studies are needed to 

confirm the validity of these coefficients for structures 

with flexible diaphragms.  

8. The equivalent lateral forces on the in-plane walls are 

obtained by distributing the modified base shear in 
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proportion to mj ϕj /∑ mi ϕi for the jth level. If the 

simplified method is used, ϕ may be approximated by the 

floor heights from the ground (linear variation), as 

typically specified in codes [1, 16, 20]. This 

approximation is consistent with the assumption of the 

first-mode dominance of the in-plane wall used in the two-

mode analysis.  

9. The resulting member forces (which can be evaluated 

using an equivalent frame model, or determined on the 

basis of the relative stiffnesses of the piers and spandrels) 

are compared to their capacities, for example using 

Equation 2. 

Analysis Effort 

The effort needed to carry out the proposed method is 

comparable to existing methods. This section provides the 

comparison of the analysis procedures of two existing 

methods, ASCE 41-13 and a method by Knox [6], and the 

approach proposed in this study. The overview of the existing 

methods is provided in Appendix A. The following can be 

noted: 

 All methods require the calculations of tributary masses 

and the diaphragm period of each span at each floor level. 

Hence the analysis steps 1 and 3 of the preceding section 

are identical for all methods. 

 Analysis step 2 is unique to the proposed method. 

However, this step requires minimal effort. 

 The calculation of the uncoupled in-plane wall period 

(step 4) is required in the rigorous version of the proposed 

method and in the method by Knox. However, as 

described previously, the simplified approach can be used 

to eliminate the need to compute the fundamental period 

of the wall. 

 The calculation of CB in step 5 is unique to the proposed 

method. However, this step requires minimal effort, 

especially if the simplified approach is used. 

 ASCE 41-13 and Knox’s methods require the computation 

of the equivalent static force for each diaphragm, while the 

proposed method requires the equivalent static force of the 

in-plane wall only. 

 Knox’s method requires the calculation of base shear by 

complete quadratic combination (CQC) of the diaphragm 

forces and the in-plane wall force to avoid the potential 

underestimation of storey forces obtained by SRSS. This 

may require certain additional effort in calculating the 

correlation coefficients. 

The steps 7 onwards are identical in all methods. The 

foregoing discussion confirms that the effort needed to 

conduct the proposed method is comparable to the existing 

methods. 

Numerical Validation 

A two-storey symmetric building shown in Figure 15 is 

analysed using the proposed method. In addition, ASCE 41-13 

and the method by Knox are also evaluated for comparison. In 

this validation, the rigorous version of the method is used with 

the “actual” uncoupled in-plane wall period obtained from the 

modal analysis of the wall modelled by frame elements and 

rigid offsets. In addition, only the elastic response is 

evaluated, because the modification for the inelastic response 

is in principle identical for all methods. 

In the analysis, the loading is considered in the direction 

parallel to walls 1 and 2, and perpendicular to the floor and 

roof joists. The out-of-plane walls (walls 3 and 4) are solid 

with no openings. The thicknesses of the walls are 350 mm in 

the first storey and 230 mm in the higher levels. The density of 

masonry is 1800 kg/m3 and the Young's modulus is 2750 

MPa. The shear modulus is assumed to be 40% of the Young's 

modulus.  

Using an equivalent frame model, the fundamental period of 

the in-plane wall is calculated to be 0.097 s. The mode shape 

is 0.478 at the first floor and 1.0 at the roof level, indicating an 

almost linear profile. The effective mass of the fundamental 

mode is 85% of the total mass of the in-plane wall. 

Three different diaphragm constructions are considered. The 

diaphragm stiffnesses of the first two cases are calculated 

using the procedure outlined in [22]. The third case represents 

more heavily loaded stiff timber diaphragms.  

In the first case (case 1), the first level diaphragm is 

considered to be in a “fair” condition and sheathed with single 

straight floor board, while the roof has single diagonal 

sheathing and is in a “poor” condition (see [22]). Using the 

procedure of [22], and neglecting for simplicity the effects of 

floor opening and additional stiffness of the out-of-plane wall, 

the diaphragm stiffness Gd  is calculated to be 215 kN/m at the 

first floor and 340 kN/m at the roof. Assuming 18 mm thick 

sheathing and 55 mm by 240 mm deep joists spaced at 405 

mm centres, with the timber density of 610 kg/m3, the self-

weight of the floor is calculated to be 0.3 kPa. The self-weight 

of the roof is considered to be 0.6 kPa, accounting for an 

additional 0.3 kPa for the roofing. The floor is also subjected 

to an additional 0.9 kPa (3 kPa imposed load multiplied by the 

seismic load factor of 0.3) imposed load. 

In the second case (case 2), the floor diaphragm is considered 

to have been strengthened with blocked 9 mm plywood 

overlay (unchorded), increasing Gd to 1460 kN/m. The roof is 

also strengthened with an additional layer of diagonal 

sheathing, resulting in Gd of 2385 kN/m. In addition, the self-

weight of the floor and the roof increase to 0.36 kPa and 0.72 

kPa respectively, due to the additional strengthening material. 

The third case (case 3) represents a more heavily stiffened 

case in which the floor and the roof diaphragms have the same 

stiffness Gd of 3150 kN/m. This value represents the upper-

bound expected stiffness of timber diaphragms in ASCE 41-

13. The dead load of the floor and the roof are considered to 

be 1.5 kPa, taken as an average value reported for a two-storey 

building by [23], which contains large mass contributions 

from the ceiling and wood partitions. In addition, a 1.5 kPa 

imposed load is considered for the floor (5 kPa live load with 

the seismic load factor of 0.3). 

The calculated diaphragm mass ratio and periods are shown in 

Table 2 for the three cases. In this example, the linear profile 

has been chosen for both parameters, resulting in the reference 

parameters Rm and Td being the average values of the mass 

ratios and the diaphragm periods. The values of εm and εT can 

then be calculated from Figure 5. For example, using the first 

floor mass ratio of 0.425 and the reference Rm of 0.457 for 

case 1 (see Table 2), the value of εm is obtained by substituting 

the above values in the expression given in Figure 5 for the 

linear profile; i.e. 0.457(1 − 𝜀𝑚) = 0.425, resulting in εm of 

0.07.  

The calculated values of εm are 0.071, 0.089 and 0.029 

respectively for the first, second and the third cases. Similarly, 

the values of εT are −0.22, −0.21 and −0.12 respectively for 

the three cases. It is noted that all εm and εT values are within 

the suggested limit of ±0.3. 
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The structures are analysed with the proposed method using 

the mean spectrum of the natural records listed in Table 1. In 

order to assess the accuracy of the method, linear dynamic 

analyses are conducted in SAP2000 [24] using the six 

accelerograms. The in-plane walls are modelled as equivalent 

frames with rigid offsets, while the diaphragms are modelled 

by beam elements with artificially large bending stiffness to 

simulate the shear deformation compatible with Equation 4. In 

addition, the existing linear static method by Knox, as well as 

the method contained in ASCE 41-13 for URM buildings with 

flexible diaphragms, are also evaluated. In the ASCE 41-13 

method, the updated diaphragm period expression of Equation 

4 by [4] is used. In all analyses, a constant modal damping 

ratio of 5% is used. The results from the three linear static 

methods are compared against the time-history results. 

Table 3 shows the predicted mean peak moments of the in-

plane wall elements, indicated in Figure 15 for the first storey, 

as normalised to the dynamic analysis results for case 1. 

Similar results are shown in Table 4 and Table 5 for case 2 

and 3 respectively. The comparison shows that the proposed 

and the Knox’s methods produce comparably good predictions 

of the dynamic results for the flexible diaphragms in case 1. 

The method of ASCE 41-13, however, results in large 

overestimations. When the diaphragm stiffness is increased in 

case 2, the proposed method reports the same level of 

accuracy as in case 1, while Knox’s method results in some 

underestimations. The overestimation of ASCE 41-13 reduces, 

although the method is still overly conservative. For the most 

stiff and heavy diaphragms of case 3, the proposed method 

provides reasonably consistent results with the dynamic 

analysis, while Knox’s method results in further hand, 

underestimations. The method in ASCE 41-13, on the other 

hand provides a comparable level of accuracy to that as the 

proposed method. 

It appears that the ASCE 41-13 is more suited to the analysis 

of structures when the diaphragms are relatively stiff, as this 

method assumes the total tributary mass to respond in a single 

period. Conversely, the method of Knox appears more suitable 

when the diaphragms are relatively flexible, as it treats the in-

plane wall and the diaphragms to vibrate independently. In 

comparison to these existing procedures, the proposed method 

is capable of providing consistent predictions of seismic 

demand for a wide range of diaphragm stiffnesses. 

Discussion on Inelastic Behaviour  

The basic premise of the linear static procedure, when used in 

the performance-based assessment, is that the peak inelastic 

displacement can be estimated from the displacement of the 

corresponding elastic system. For example, the modification 

factor C1 in Equation 1 accounts for the presumed difference 

between the peak inelastic displacement and the elastic 

displacements. In FEMA 356 [25] (and adopted by [6]), C1 is 

given as 1.0 if the period of the structure is larger than the 

characteristic earthquake period (TC) and as 1.5 if the building 

period is less than 0.1 s. Linear interpolation is allowed 

between these period values. In ASCE 41-13, a more elaborate 

expression is provided 

𝐶1 = 1 +
𝜇𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ−1

𝑎𝑇2  (50) 

where a is a factor that depends on the site subsoil 

classification, T is the fundamental period of the structure, and 

 

Figure 15:  Example structure. 

Table 2: Diaphragm configuration (case 1: as-built; case 2: plywood overlay; case 3: heavily stiffened). 

Level 

Mass ratio 

(effective diaphragm mass / in-plane wall mass) 

Diaphragm period 

(from Equation 4) 

Case 1 Case 2 Case 3 Case 1 Case 2  Case 3 

1 0.425 0.432 0.639 0.45 s 0.17 s 0.14 s 

2 0.490 0.515 0.678 0.29 s 0.11 s 0.11 s 

Average 0.457 0.474 0.658 0.37 s 0.14 s 0.13 s 
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μstrength is the strength ratio defined by 

𝜇𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ =
𝑆𝑎

𝑉𝑦 𝑊⁄
 (51) 

where Vy is the base shear capacity. 

These expressions were derived from analytical and 

experimental investigations of earthquake response of yielding 

systems [1], considering the diaphragm to be rigid. It is 

beyond the scope of this paper to assess the adequacy of these 

expressions for structures with flexible diaphragms, which is 

an ongoing area of research activity at the University of 

Adelaide and the University of Auckland. 

CONCLUSION 

A method for the seismic analysis of in-plane loaded walls in a 

symmetric, low-rise building with flexible diaphragms has 

been presented. The method approximates the peak response 

of the in-plane walls using two modes of the structure 

assuming (1) equal ratio of diaphragm mass to the in-plane 

wall mass at all levels, and (2) equal diaphragm period at all 

levels. Under these conditions, the modal analysis has shown 

that two modes are typically sufficient to capture the majority 

of mass participation for regular low-rise buildings. Sensitivity 

analysis has been conducted to show that the two-mode 

analysis gives reasonable predictions of the base shear, even 

when the diaphragm configurations deviate from the assumed 

conditions. However, the predictions of interstorey drifts were 

less accurate, as the variations in the mass ratio and the period 

of the diaphragms resulted in modified mode shapes from 

those assumed in the two-mode analysis. Further studies are 

envisaged to address this issue. 

An improvement to the linear static method has been proposed 

by utilising the two-mode analysis. Simple expressions are 

provided to capture the effect of flexible diaphragms. A 

simplified version of the method is also proposed to facilitate 

a rapid use of the procedure in practice. The proposed method 

provides an improvement to the existing procedures, as it 

explicitly considers the dynamic interaction between the in-

plane wall and the diaphragms. The method has been shown to 

produce results consistent with dynamic analysis for a wide 

range of diaphragm stiffness values in the elastic range of 

building behaviour. Further studies are needed to assess the 

general suitability of the linear static procedure for URM 

buildings, and how the inelastic displacement should be 

obtained from the corresponding elastic system response when 

flexible diaphragms are present. 
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Table 3: Peak moments from linear static methods normalised to mean peak dynamic results for case 1. 

Element Location 
Proposed method Method by Knox ASCE 41-13 

Storey 1 Storey 2 Storey 1 Storey 2 Storey 1 Storey 2 

Pier 
Exterior 1.13 1.29 1.25 1.08 2.41 1.99 

Interior 1.07 1.24 1.16 1.08 2.25 2.00 

Spandrel 
Exterior 1.27 1.26 1.33 1.11 2.54 2.04 

Interior 1.16 1.24 1.19 1.10 2.89 2.04 

 

Table 4: Peak moments from linear static methods normalised to mean peak dynamic results for case 2. 

 

Element Location 
Proposed method Method by Knox ASCE 41-13 

Storey 1 Storey 2 Storey 1 Storey 2 Storey 1 Storey 2 

Pier 
Exterior 1.08 1.29 0.91 0.77 1.57 1.14 

Interior 1.03 1.23 0.85 0.78 1.45 1.14 

Spandrel 
Exterior 1.24 1.25 0.98 0.79 1.63 1.16 

Interior 1.14 1.22 0.87 0.79 1.43 1.17 

Table 5: Peak moments from linear static methods normalised to mean peak dynamic results for case 3. 

Element Location 
Proposed method Method by Knox ASCE 41-13 

Storey 1 Storey 2 Storey 1 Storey 2 Storey 1 Storey 2 

Pier 
Exterior 0.95 1.22 0.69 0.63 1.11 0.92 

Interior 0.90 1.15 0.64 0.62 1.03 0.91 

Spandrel 
Exterior 1.07 1.19 0.73 0.64 1.16 0.94 

Interior 0.98 1.12 0.65 0.62 1.01 0.91 
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APPENDIX A - OVERVIEW OF EXISTING METHODS 

ASCE 41-13 

ASCE 41-13 contains a linear static procedure for 

unreinforced masonry buildings with single-span flexible 

diaphragms with six stories or less in height. In this procedure, 

the fundamental period is calculated as given in Equation 3. 

The peak static force for each diaphragm is then obtained as in 

Equation 1. The static force calculated for each diaphragm is 

then distributed to the in-plane walls in accordance with their 

tributary masses, and the design actions in each component is 

evaluated. 

Knox 

The method by Knox considers the uncoupled fundamental 

periods of the in-plane wall (Tw) and diaphragms (Ti) 

separately. Tw may be evaluated by modelling the wall using 

frame elements, and Ti is evaluated from Equation 4. Using 

the calculated period, the diaphragm force is evaluated as 

𝑉𝑑𝑖 = 𝐶1𝐶3𝑆𝑎(𝑇𝑖)𝑊𝐷 (A3) 

where WD is the tributary weight of the diaphragm. The in-

plane wall base shear is calculated by 

𝑉𝑤 = 𝐶1𝐶3𝑆𝑎(𝑇𝑤)𝑊𝑤 (A4) 

where Ww is the total weight of the in-plane wall. The 

coefficients C1 and C3 have been adopted from FEMA 356, 

and account for the inelastic behaviour and P-delta effects 

respectively. The in-plane wall’s base shear from Equation A4 

is distributed up the height of the wall in proportion to the 

tributary wall mass at the ith level. The equivalent static force 
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at the ith level is then approximated by the SRSS combination 

of the diaphragm and in-plane wall forces, 

𝑉𝑠𝑖 = √(
𝑉𝑑𝑖

2
)

2
+ (𝑉𝑤𝑖)2 (A5) 

where Vwi is the distributed in-plane wall’s base shear. 

In order to account for closely spaced modes, the total base 

shear is also evaluated by combining Vdi and Vw using the 

complete quadratic combination (CQC) rule. If the sum of 

equivalent static forces calculated from Equation A5 is smaller 

than the base shear obtained using CQC, they are scaled up 

accordingly. Note that while the SRSS estimation may be 

carried out without calculating Tw, the CQC base shear check 

requires the periods of all components. 

APPENDIX B - PLOTS OF CB FOR SIMPLIFIED 

APPROACH 

The plots of base shear modification factor CB generated for 

the design spectra of NZS 1170.5 are provided in Figure B1 

for different site subsoil classes. The plots correspond to    

Tw= TB and can be used to simplify the proposed method. 

 

 

 

 

(a) CB  for site subsoil class A or B 

 

(b) CB  for site subsoil class C 

 

(c) CB  for site subsoil class D 

 

            (d)  CB  for site subsoil class E

Figure B1: Values of CB for different site subsoil classes. 

 

 


