
    133 

Bulletin of the NZ Society for Earthquake Engineering, Vol. 58, No. 2, June 2025 

 

 

1 Tom Francis, Postdoctoral Fellow, University of Canterbury, Christchurch, tom.francis@canterbury.ac.nz  
2 Timothy Sullivan, Professor, University of Canterbury, Christchurch, timothy.sullivan@canterbury.ac.nz (Member) 

SIMPLIFIED RELATIONSHIPS BETWEEN INELASTIC 

AND ELASTIC SPECTRAL ACCELERATION DEMANDS  

FOR SEISMIC DESIGN IN NEW ZEALAND  

Tom C. Francis1 and Timothy J. Sullivan2 

(Submitted September 2023; Reviewed January 2024; Accepted May 2024) 

ABSTRACT 

This paper investigates the suitability of the equal displacement approximation for short period structures, 

noting that historic definitions of what constitutes a ñshort period structureò are vague. The research identifies 

a new parameter, Tpeak, defined as the period ordinate for the peak elastic spectral acceleration, to provide a 

lower-bound period for which the equal displacement approximation may be appropriate. The use of this 

parameter is supported by the results of inelastic spectra and reduction ratios generated for SDOF systems, 

with bilinear and Takeda hysteresis rules, subject to a large suite of ground-motion records. New equations 

for strength reduction factors are provided as a function of Tpeak and agree well with strength reduction ratios 

obtained from inelastic spectra for the ground-motion set. It is found that a ñshort period structureò should be 

defined as those with periods greater than 0.2 s-0.3 s for most sites and locations in New Zealand, at a ground 

shaking intensity with annual probability of exceedance of 1 in 500. The study then goes on to conclude that 

use of the equal displacement approximation for all periods may be reasonable, at least for the immediate 

future, given that (i) many buildings in New Zealand are likely to have a period of vibration greater than the 

short period limit, particularly when foundation deformations are considered, and (ii) recent literature 

suggests that the design ductility currently adopted for ductile short period buildings may be conservative. 

Nevertheless, if future research prompts revisions to ductility and deformation capacity estimates for short 

period buildings, then the authors advocate for a return to period-based relationships between inelastic and 

elastic spectral demands. 

https://doi.org/10.5459/bnzsee.1664 

INTRODUCTION  

The recent release of the New Zealand (NZ) National Seismic 

Hazard Model (NSHM) has prompted re-examination of the NZ 

seismic design provisions, NZS 1170.5 (Standards New 

Zealand, 2004a). A Seismic Risk Work Group (SRWG) has 

been established to propose updates to B1/VM1 of the NZ 

Building Code through a multi-year project that seeks to 

modernise several NZ standards, including NZS 1170.5 

(2004a), which is to be superseded by the release of a proposed 

Technical Specification (TS) document, TS 1170.5. TS 1170.5 

incorporates the latest NSHM and includes an updated method 

for computing the horizontal design action coefficient which 

permits the use of the equal displacement approximation for all 

structural periods to relate the inelastic and elastic spectral 

demands. This is despite a large amount of literature that 

suggests the use of the equal displacement approximation is not 

applicable for short period structures and can be somewhat non-

conservative for medium to long periods. Justification for the 

use of the equal displacement approximation at all periods is 

examined and alternative approaches for implementing strength 

reduction factors in future code provisions are proposed. 

Review of Research into Inelastic Spectral Demands 

Relationships between inelastic and elastic spectral demands 

have been widely researched, including pioneering works of 

Veletsos & Newmark (1960) as well as more comprehensive 

studies such as those of Miranda & Ruiz-Garcia (2002) and 

Stafford et al. (2016). Early research indicated that the equal 

displacement approximation is applicable for medium and long-

period structures whereas at short periods, alternative 

relationships should be adopted, such as the equal-energy rule 

(Newmark & Hall, 1982). Research conducted over the past two 

decades, considering a wider range of hysteretic models and 

improved modelling of elastic damping for structures 

responding non-linearly, has generally found the equal 

displacement approximation to underestimate the displacement 

demands at medium and long-periods of vibration (see, for 

example, Miranda and Ruiz-Garcia (2002) and Priestley et al. 

(2007)). Furthermore, the inelastic-to-elastic demand 

relationship is affected by earthquake magnitude and distance, 

as pointed out by Miranda (2000) and Chopra & 

Chintanapakdee (2004), with Tothong & Cornell (2006) and 

Stafford et al. (2016) advocating the use of inelastic-to-elastic 

demand relationships such that inelastic displacement demands 

are directly considered within the Probabilistic Seismic Hazard 

Analysis (PSHA) methodology.  

However, there are a number of factors influencing the overall 

seismic risk of buildings and thus, in order to maintain 

consistency with previous loadings standards and for 

simplicity, the SRWG has recommended the use of the equal 

displacement approximation at all periods. This paper 

investigates and discusses the basis of this approach, as well as 

a simplified alternative. 

Review of Strength Requirements from NZS 1170.5 (2004) 

In NZS 1170.5 (Standards New Zealand, 2004a), the horizontal 

design action coefficient provides the required strength (via 

multiplication with the building weight) of potential plastic 

hinge regions in a structure to limit inelastic deformation 

demands to acceptable levels. The coefficient is set as a 

function of the structural ductility factor, ɛ, (representative of 

the ductility capacity), the structural performance factor, Sp, and 

the elastic spectral acceleration demand at the period of the 

building in the direction considered C(T1). A minimum value 

for the design action coefficient is also prescribed. The design 
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action coefficient is specified in NZS 1170.5 (Standards New 

Zealand, 2004a) as: 

where kɛ is the structural ductility factor that is a function of the 

building period in the direction considered, T1, structural 

ductility, and site class and is given for site classes A, B, C and 

D as: 

and for site class E as: 

where T1 need not be taken less than 0.4s according to 

amendment 1 of NZS1170.5 from 2016. It is generally 

considered that the equal energy rule better represents demands 

for short period structures, with the equal displacement 

approximation being more applicable for medium and long-

periods. This is the reflected in the formulation of Equations (2) 

and (3). The commentary of NZS 1170.5 (Standards New 

Zealand, 2004b) notes that for periods between 0.35 s than 0.7 

s the formulation provides a non-conservative estimate of the 

inelastic response but also goes on to say that as there are other 

inaccuracies in the derivation of inelastic response and to be 

consistent with other international standards, the approach was 

deemed suitable for the NZS 1170.5 (2004a) provisions. 

Strength Requirements in the Proposed TS 1170.5 

To further simplify the approach of NZS 1170.5 (Standards 

New Zealand, 2004a), the proposed TS recommends that the 

design action coefficient be reduced by the inelastic spectrum 

scaling factor, km, which has been defined in the proposed TS as 

being equal to the structural ductility factor, ɛ, in line with the 

equal displacement approximation. The equal displacement 

approximation is prescribed at all periods of vibration, even 

though the expression is traditionally applied only for medium 

and long-period structures, such that the proposed structural 

ductility factor is given by: 

The proposed TS also advocates for the continued use of 

Equation (1) to set horizontal design actions with reductions 

allowed through the use of the structural performance factor 

that is a function of the design ductility. 

EXAMINATION OF STRENGTH REDUCTION 

FACTORS RELATIVE TO A PEAK PERIOD  

Identification of a Peak Period, Tpeak  

Historically, the use of the equal displacement approximation 

has been justified for medium and long period structures with 

alternative approaches, such as equal energy, used at short 

periods. However, the definition of what is a ñshort period 

structureò is subjective and the current literature, including NZS 

1170.5 commentary (Standards New Zealand, 2004b), suggests 

there is a transition zone between equal energy and equal 

displacement approximation which adds complication when 

seeking simplistic code implementation procedures. 

To identify the period of vibration below which the equal 

displacement approximation might be deemed non-

conservative, this paper develops inelastic spectra for sets of 

ground-motions recorded at sites with different Vs30 values and 

then identified a peak-period, Tpeak, corresponding to the period 

at which the maximum spectral acceleration, Sa,max, occurs. 

Figure 1 illustrates identification of the peak period from the 

elastic acceleration response spectrum of a single ground-

motion. By generating inelastic spectra for a larger set of 

ground-motions and normalizing the period of vibration of each 

response spectrum by the peak period (to give T/Tpeak), it is 

proposed that Tpeak represents a reasonable lower-bound limit to 

the period from which the equal displacement approximation 

should be applied.  

 

Figure 1: Illustrating the identification of the peak period of 

vibration for a ground-motion. 

Figure 1 implies that the inelastic spectral acceleration demands 

remain relatively constant out to a period corresponding to Tpeak 

and then reduce by a factor roughly in agreement with the equal 

displacement approximation (with caveats previously 

mentioned where research has shown the equal displacement 

approximation to be non-conservative even at medium and long 

periods). Given this observation, a new approach for defining 

strength reduction factors is proposed and investigated with the 

general equation characterised by a linearly increasing strength 

reduction factor for T <  Tpeak, and constant reduction factor in 

line with the equal displacement approximation for T Ó Tpeak: 

kɛ =  m for T1  Ó Tpeak (5) 
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The ability of Equation (5) to represent observed reduction 

factors from a set of recorded ground-motions is discussed later 

in this paper along with the suggestions for implementation into 

future design provisions. 

Numerical Modelling Approach 

To evaluate the suitability of Tpeak to represent a lower bound 

for which the equal displacement approximation is applicable, 

the inelastic spectra software INSPECT (Carr, 2016) was used 

to generate inelastic spectra for ductility ratios, ɛ, of 1.5, 2, and 

4 for a suite of ground-motions that cover a range of ground-

motion characteristics and provide evidence that the use of Tpeak 
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is justified despite variations in site class, rupture distance 

(Rrup), and earthquake moment magnitude (Mw). Two single 

degree of freedom (SDOF) oscillators that are commonly used 

to represent a wide range of structural typologies were used. 

Figure 2(a) shows the bi-linear model that is generally 

considered to be representative of the hysteretic behaviour of 

steel or base isolated structures. Figure 2(b) shows the Takeda 

model (Otani, 1981) with Emori-Schonbrich (1978) unloading 

that is commonly used to represent reinforced concrete (RC) 

structures and bridges. INSPECT generates spectra for a 

specific ductility demand by undertaking consecutive nonlinear 

time-history analyses (NLTHA) and iterating the yield force, 

Fy, of the SDOF oscillator until the target displacement ductility 

is achieved within a prescribed tolerance. 

 

Figure 2: Hysteretic models adopted for the generation of 

inelastic response spectra. 

The NLTHA integration time-step was set to be 1/10 times the 

time-step of the input ground-motion with 5% equivalent 

viscous damping modelled using the constant secant damping 

approach (ICTYPE = 6 in Ruaumoko, Carr 2023). No strength 

degradation was modelled. The hysteretic parameters required 

to fully define the hysteretic models are shown in Table 1 which 

align with the values proposed by Stafford et al. (2016) for the 

bi-linear and Takeda hysteresis rules. The post-yield stiffness 

ratio, r, was taken as 0.05 for both models with the unloading 

parameter, alpha, and reloading parameter, beta, the only 

additional parameters needed to fully define the Takeda 

hysteresis rule. 

Table 1: Hysteretic parameters used to define the models in 

Figure 2. 

Hysteretic Model  Parameters 

Bi-linear  r = 0.05 

Takeda r = 0.05, Ŭ = 0.5, ɓ = 0.0 

Ground-Motion Selection 

Ground-motions were selected from the Pacific Earthquake 

Engineering Research Centerôs (PEER) Next Generation 

Attenuation (NGA) West 2 database. Six sets of 81 to 100 

ground-motions consistent with each of the proposed TS 1170.5 

site classifications, I ï VI, were considered while site class VII 

was omitted due to the rarity of such sites and the necessity for 

site-specific hazard assessments for extremely soft soil 

conditions. Where more than 100 applicable ground-motions 

were available in the data base, they were selected in ascending 

order of Record Sequence Number (RSN). Site class bins, as a 

function of Vs,30, are outlined in Table 2 and align with the 

values provided in the proposed TS (Lee et al., 2024). Ground-

motions were taken as-recorded with no scaling or rotating and 

each orthogonal, horizontal component was analysed 

individually. Figure 4 outlines the rupture distance ï moment 

magnitude relationships as a function of site class and faulting 

mechanism for all ground-motion records selected. A wide 

range of magnitudes and rupture distances, as well as several 

different faulting mechanisms, are represented for each site 

class bin. The intent of this research is therefore to examine the 

suitability of selecting Tpeak as a lower bound for the equal 

displacement approximation for a broad range of ground-

motions instead of critically examining how faulting 

mechanisms, rupture distance, magnitude, or hysteretic 

behaviour impact reduction ratios which has already been 

reported in the literature (Chopra & Chintanapakdee, 2004; 

Miranda, 2000). 

Table 2: Proposed TS 1170.5 site classifications and 

corresponding Vs,30 range. 

Site Classification Vs,30 range (m/s) 

I 750 ï 2000 

II  450 ï 750 

III  300 ï 450 

IV 250 ï 300 

V 200 ï 250 

VI  150 ï 200 
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Figure 3: Rupture distance and moment magnitude as a function of site class and faulting mechanism for the selected ground-

motions.  

 

INELASTIC SPECTRA RESULTS  

The elastic and inelastic spectra generated using INSPECT are 

shown in Figure 4 and Figure 5 for the bilinear and Takeda 

hysteresis models respectively, for a ductility ratio of ɛ = 4. The 

spectra were normalised by PGA to highlight the spectral shape 

and allow comparison between records. Moreover, median 

spectra were computed for both the elastic and inelastic set of 

results. The median elastic spectrum was then divided by the 

ductility ratio to represent the inelastic demands that would be 

expected when applying the equal displacement approximation 

at all periods, as considered by the SRWG in the proposed TS. 

Comparison of the predicted inelastic demand using the equal 

displacement approximation with the actual median of the 

inelastic spectra appears to indicate that for longer periods (i.e., 

T greater than one second) the equal displacement 

approximation is reasonable regardless of site classification. 

This result agrees well with the literature. However, for shorter 

periods, the equal displacement approximation results in an 

underrepresentation of the demands with increasingly non-

conservative results as the period tends towards zero. At a 

period ordinate of T = 0 s, the proposed TS appears to indicate 

that the PGA is reduced by the ductility factor, but such 

structures should be designed using the unfactored PGA 

directly from the NSHM. Normal buildings are, however, not 

expected to have very short periods, as discussed later. 

The results in Figures 4 and 5 indicate that site classification 

has a limited impact on the appropriateness of the equal 

displacement assumption. However, it can generally be seen 

that for the soft soil classes of V and VI the rule is less suitable 

compared to firmer sites, I ï IV. Similar trends were also 

observed for ductility ratios of 1.5 and 2. However, to maintain 

conciseness the figures are not reproduced in this paper. 

To examine the spectral shape more closely, Figure 4 is 

reproduced in Figure 6 with the x-axis normalised with respect 

to Tpeak. Again, the median elastic and inelastic spectra are 

plotted for a ductility ratio ɛ = 4. Furthermore, the predicted 

inelastic demands considering the equal displacement 

approximation and Equation (5) are compared. It can be seen 

that the equal displacement approximation appears to provide a 

non-conservative strength estimate compared to the median 

inelastic spectra. In comparison, Equation (5) reasonably 

predicts the demands and, importantly, reflects that as the 

period tends towards zero, the inelastic demands tend towards 

the PGA directly obtained from the NSHM uniform hazard 

spectra (UHS). 
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Figure 4: Elastic and inelastic spectra generated from the ground-motion set for all site classes considering the bilinear hysteresis 

rule and ductility demand of µ = 4. 
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Figure 5: Elastic and inelastic spectra generated from the ground-motion set for all site classes considering the Takeda hysteresis 

rule and ductility demand of µ = 4. 
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Figure 6:  Elastic and inelastic spectra generated from the ground-motion set for all site classes with period normalised by Tpeak 

considering the bilienar hysteresis rule and ductility demand of µ = 4.
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FORCE REDUCTION FACTORS 

Median Reduction Factors 

Another approach for considering the inelastic spectra data is to 

compute force reduction factors that represent the elastic to 

inelastic spectra ratio for each ground-motion. The resulting 

force reduction factors for individual records are shown in 

Figure 7 to Figure 9. Additionally, for a given site class, 

ductility ratio, and hysteretic model, the median force reduction 

factor, ɗ, was computed by obtaining the median value of data 

bins with a bin width corresponding to the square root of the 

total number of T/Tpeak ratios considered for all ground motions 

in the site class set. The bin width was fixed to 0.2 for T/Tpeak < 

2 so that a consistent bin spacing was enforced in the period 

range of interest around Tpeak. The median reduction factor is 

compared to the proposed TS reduction factor (i.e., kɛ = ɛ) in 

Figure 7 and Figure 8, for µ = 4 for all TS site classes and the 

bilinear and Takeda hysteresis rules respectively. The proposed 

TS reduction factor appears to be reasonable for periods greater 

than Tpeak but is non-conservative for short periods. The median 

reduction factor appears to align well with Equation (5) which 

suggests Tpeak is a suitable parameter for defining what 

constitutes a short period as evidenced by the abrupt change in 

slope of the median inelastic spectra at the Tpeak ordinate. 

Furthermore, Figure 9 evaluates reduction factors as a function 

of ductility for the bilinear and Takeda hysteretic models. This 

highlights that Equation (5) provides a reasonable 

representation of inelastic demands for a range of site classes, 

hysteretic models and ductility demands.  

 

Figure 7: Reduction factors generated for the bilinear hysteresis rule and ductility demand of µ = 4 for all site classes.  
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Figure 8: Reduction factors generated for the Takeda hysteresis rule and ductility demand of µ = 4 for all site classes.

Figure 9 shows that as ductility demands increase, the equal 

displacement rule becomes increasingly non-conservative, but 

the rule is simple and has been in use for some time. As such, 

Equation (5) is considered to provide a convenient approach for 

code implementation as only one equation is required to define 

the strength reduction factor for a range of building types and 

soil conditions. 

Reduction Factor Variability  

It is important to note the significant variability of design forces 

obtained using the equal displacement approximation. To 

assess this variability, the lognormal dispersion of the force 

reduction factors in each bin was computed using: 

 

where lnX represents the logarithm of the set of reduction ratios 

for a given bin, and s is the standard deviation. The lognormal 

dispersion is shown in Figure 10 for (a) the bilinear and (b) 

Takeda hysteresis rules for all site classes as a function of the 

T/Tpeak ratio. No obvious trends were observed for dispersion as 

a function of site class and so grouping was done by ductility 

ratio and hysteretic model only. In general, dispersion is greater 

for higher ductility ratios but remains relatively constant for 

periods greater than Tpeak.  

             
ln Xb s=  (6) 
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Considering the previously obtained dispersion, ɓ, the 16th and 

84th percentile reduction factors are given bye bq-
 and ebq  

respectively, where ɗ represents the median force reduction 

factor for the bin. Figure 7 to Figure 9 plot the 16th and 84th 

percentile reduction factors (i.e., the 68% confidence interval 

(CI)). In general, the equal displacement approximation is 

reasonable with the 68% CI reduction factors enveloping the TS 

1170.5 equation. However, consider reduction ratios associated 

with a ductility factor µ = 4 for the Takeda hysteresis rule at a 

location characterised by site class VI (i.e., bottom-right subplot 

of Figure 8). In this case, the 16th percentile force reduction 

factor is around two, meaning the equal displacement 

approximation can result in an error up to 100% for the 68% CI.

 

  

Figure 9: Reduction factors generated for site class III as a function of ductility demand. 

 




