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DECISIONS THEORY IN EARTHQUAKE ENGINEERING 

E. Rosenblueth* 

In t roduct ion 

Let us choose to be rational. As designers 
we shall aim to produce the best designs 
possible -- to optimize 0 

To optimize from whose point of view? 
Ours, of course 0 Thi s does not mean we should 
ignore so ciety, the tenants, or the owner, nor 
even the archi tect and the contractor; their 
interest s mould our own • For the sake of 
simplicity I shal1 assume that our value s coin­
cide with those of society. If the owner 1s, 
the architect 1s, or the contractor*s do not, 
why too bad for them, or for us. The present 
treatment should serve as a guide to take the 
compromi se deci sions that real situat ions force 
upon us; and it is directly applicable when we 
are employed by a branch of a government that 
represent s the people. 

Me wish then to maximize utility for 
societyo Thi s is equivalent to maximizing an 
obj ect ive function equal to the expected pre sent 
value of the benefits derived from the existence 
of the structure minus all the expenditures, 
including initial cost, maintenance, and the 
consequence s of damage and failure• The se 
quantities should be adjusted for nonlinear 
relations between money and ut ility whenever 
there is an appreciable nonlinearity. 

For the sake of simplicity we shall assume 
that structure s are built instantly and that s 

when they suffer damage or collapse, they are 
also repaired or rebuilt instantly. Let us 
begin counting time when the structure is born 0 

At a future instant t an earthquake may occur 
or there may be a change in 1ive load. The 
effect s of the se phenomena depend on the state 
in which they find the structure at time t. 
That state is a function of the structure's 
initial properties, of the damage wrought by 
earthquake , gravity, and other 1oads, and of 
the repairs done in the interval (o.t). Thi s 
wording suggests that the sequence of damage-
repair s- fail ur e s may be regarded as a Markov 
chain and indeed such an approach is fruitful 
(*). Nevertheless, we shall use a more 
straight-forward type of analysis, 

In the pre sent simplif ied treatment we 
shall consider the superposition of two 
independent stochastic processes: gravity loads 
and the effects of earthquakes: we shall 
recognize that seismic forces depend on live 
load. Our study wil 1 be limited to structures. 
having a single degree of freedom 0 We shall 
leave for some other occasion our concern with 
more realistic idealizations of the disturbances, 
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with wind as a third stochastic process, with 
the na tural evolution of structural propert ie s, 
and with the extension of the theory to 
struetures having several degrees of freedom. 

Reliabil ity Funct ion and Discount Funct ion 

Before dealing explicitly with optimi za-
t ion we deem it convenient to pre sent some 
ba sic relations taken from reliability theory 
(̂  ' and di scuss the matter of pre sent value s• 

The propertie s of a system are de scribed 
by the vector of its parameters, {x} . Every 
term of this vector is a parameter of the 
probability distribution of one of the 
st rue ture * s properties. Those x^ 1s which come 
under the designer 8s control are called de sign 
parameterso Thus, if one of the structural 
component s is a bar that w i 1 1 be subjected to 
tension, one of the x. *s may be a central value 
(expectation, median, mode, etc) of the proba­
bility distribution of the bar's strength in 
tension while another x^ may be a second para­
met er (such as standard deviation or coefficient 
of variations) of that di stribution. The se will 
be all the parameters associated with the 
strength of that bar if its di stribution can 
be complet ely de scribed by two parameters; 
otherwise there will be other xi * s associated 
with that strength. Often the central value 
wil 1 be selected by the designer and so it will 
be a de sign parameter. Alternatively the 
de sign parameter may be another functional of 
the di stribution, such a s a "characteristic," 
nominal or "minimum guaranteed" value, 
or they may be two de sign parameters. 

Consider a system that fails either upon 
completion or not at all, Let F denote its 
probability of failure 9 It is a function of 
{x} . Then R( {x} ) = 1 - F( {x} ) , its probability 
of survival, is known as the system * s reliabil-
i ty • 

If the system can fail at times other 
than the initial one, we shall let F( {x} ,t) 
denote the probability that it fail in the 
time interval (0,t). F( {x} ,t) is consequently 
the probability distribution function of the 
time to failure and is known as the failure 
di stribution f unction. R( {x} , t) = 1 - F( {x} , t) 
is the probability that the system has survived 
up to time t; it is known as the reliability 
function^ The time derivative of F( {x} , t ) , 
f( {x} , t ) , is the failure density function, 
or probability density function of the time 
to failure. 

The unconditional probability that failure 
occur in the interval ( t, t+dt) is f ( {x} , t) dt. 
The conditional probability that it occur in 
this interval given that it has not taken place 



at an earlier time is v ( fx} , t )dt, where 

V (fx? ,t) f({x} , t) 
R( {x} , t ) (1) 

It is the hazard funci ion or risk functi on 0 

can be shown from eq 1 that 

t 
R( {x} ,t) = exp[- J Q v ( {x} ,<r) drj (2) 

The hazard function can also be interpreted 
as the expected rate of fai1ure occurrence, and 
its reciprocal as the return period of failures. 

In particular, a constant failure rate, 
V( {x}|t) » y( {x} ), defines a Poi sson proce ss 
for a given vector {x} . It def ine s a 
generalized Poisson proce ss when we consider a 
family of vectors {x}. According to eq 2 the 
proce ss is associated with the reliability 
function 

r ( (x},t) = e~n{*}*t)t ( 3 ) 

and hence with a failure dis tributi on function 
1 - e"^^ and with a failure density function 
-Vt ve . 

On the mat ter of pre sent value s, it is 
obviou s that normally we as sign a higher value 
to short-range than to long-range benefits and 
losses, Ve therefore introduce a monotonically 
decreasing function of time, A ( t) , which we 
shall call the discount function. This function, 
when multiplied by a future benefit or loss, 
gives its present value, that is, the value it 
would have for us if we received or incurred in 
it at pre sent. The di scount function reflect s 
the availability of resources, uncertainty 
about the future, and concern for the familiar, 
and it depends on the subject for whom we wish 
to compute utilities and optimize decisions. 

If the subject•s values coincide with 
those of society it is licit to assume that 
A(t) is stationary over a fairly large time 
span• It follows that without undue error we 
may take 

A(t) • 6t <<0 
where S is a constant rate of continuous 
interest and we begin counting time at pre sent. 
This rate is related with that of yearly 
interest, say 6• at which financial matters are 
operated, by the equation 6 = ln(1 + S • ) since 
a yearly intere st would lead to a di scount 
function 

A f (t) « ( 1 + 

When &' « 1 we find 6 £ S* • 

The dis count functi on can also be inter­
preted as foilows. If we deposit an amount 
B q *= & (t) B at time zero at a continuous rate 
of compound intere st 6 , after a time t we will 
have an amount B deposited. 

Constant Gravi ty | Loads; S ing le Failure Mode 

We shall begin by considering a very simple 
model• The structure we have in mind fails 
when the numerical value of one of its struct­
ural responses, Y {say 9 its displacement 

relative to the ground or its absolute 
acceleration), exceeds a 1imit, X, which we 
shal1 refer to as the structure * s resistance. 
We shal1 take X to be a time independent 
random variable. We shal1 assume that there is 
a single design parameter, x, which is a 
functional of the probabi1ity distribution of 
X o 

Given the comput ed value, z, of some 
parameter of a ground moti on, we can compute 
the probability distribution of its actual 
value, Z (see ref 3 j for example) 0 (A pertin-
ent such parameter may be the maximum ground 
acce1erat ion, velocity, or di splacemen t or 
the mean value of some spectral ordinate over 
a range of natural periods of vibration 0) 
Also, given Z, we can comput e the probability 
di stribution of the structural re sponse, Y 
(see refs h and 5 , for example). Finally, for 
a given value of z we can obtain, in a theoret­
ical model of seismicity, the rate A(z) with 
which this parameter is ex ceeded (3 j 5 > 6 ) o We 
idealize the serie s of such temblors as a 
Poisson process, so that, regarding z as a 
variable, earthquake s felt at a stat ion con­
st itute a generali zed Poisson process, It 
follows that " M z) is independent of t. 

Using the identity 

z = (z/z)(Z/Y)(Y/x)(X/x)x 

we can write 
( 5 ) 

P(f ailure) p ( i > i) 

= P(z > ) ( 6 ) 

where P ( • ) denotes the probability of occurr­
ence of the event in parenthesis and <j> is 
given by 

K*yK (7) 

with 

t = 
~ Y 

x/x 

Z/y 

z/z 

(8) 

If we knew the value of j> we could put 
the rate of structural failures in the form 

V ( X ) = X ( Z ) 

(9) 
Actually ^ is a random variable and hence 

so is V(x ) o Usually without exce ssive error 
the random variables ^ x,y z c a n be taken as 
stochastically independent. Their probability 
distributions are reasonably well behaved. 
The distribution of <j>x is approximately 
lognormal, since X can be expressed as the 
product of several nearly independent variables 
having well behaved distributions• That of 

> which ordinarily involves the greatest 
dispersion, is roughly also lognormal ( 3 ) 9 in 
most cases, then, we can assign In ji a normal 
di stribution with expectation and variance 
equal to the sums of the expectations and 
variances of the logarithms of jjx, j> , and 



^ 2 : </> - oxf)[£( 1 n <j))] i s the mode of ^. In the 
same fashion we can find the parameters of the 
distribution of 1 n <j)x while those of the distri­
bution of 1n fiy can be computed from knoyn 
approximations to the distribution of ( 5) • 
For greater accuracy or generality we can 
alway s compute the probabili ty di s tribu tion of 
<f> using numerical in t egrat ion or a simulat ion 
procedure based on the combinati on of random 
numbers having the distributions of the independ­
ent variables. The latter approach is similar 
to the one which has been used in calculating 
the probability di stributions of resistance 
functions of t imbe r ( 7 ) and reinforced concrete 
( 8 ) 

beams. Consequently we can always evaluate 
eq 9 with the degree of accuracy that we may 
desi re. 

Once we have computed the rate of structural 
failures we can proceed to obtain the expected 
pre sent value of losses due to failure, which 
we shall need to optimi ze de sign. Let D be 
this value and H denote the loss incurred in 
case of failure. Then, 

D = E( j Ff Adt) 
0 

= E feCHe"<V d t l ( 1 0 ) 

in dams and other structures when fai1ure 
involves large landslides or when it seriously 
affects the foundation. 

In what follows we shal1 confine our 
attention to cases in which eq 1 2 is applicable. 

We shall take C + D as our objective 
f unct ion, since in most cases the benefit s 
derived from the structure•s existence are 
nearly insensi tive to x• Opt imi zat ion amount s 
then to the choice of that value of x which 
minimizes C + D. 

In the range of intere st it is often 
sufficiently accurate to take C of the form 

C = a + bx (13) 

in which a and b are constants. Assume further 
that A is of the form 

A = B z - y ( Ik) 
where B and Y are constant s and lies between 
2 and k (3). Combining eqs 1 3 and 1 ^ with the 
as sumption that <f> has lognormal di stribut ion 
we can compute C + D numerically as a func tion 
of x and find the optimum x by trial and error. 
Re sult s are di splayed in fig 1 for various 
value s of the parameters involved. 

When the expectation of H can be taken as time 
independent, eq 1 0 become s 

Thi s expression is valid if the structure is to 
be abandoned after failure. If, however, it is 
to be systematically rebui1t we find 

D = ( C + H) _? [ E C ^ - ) ] 1 

» ( C + H)£ ( 1 2 ) 

where 

and C is the structure•s expected initial cost 
' ° ' • The expectati on is to be computed with 
j> as the random variable. 

If the structure is to be abandoned after 
failure, benefits derived from its existence 
cease to be produced at the moment of failure • 
Hence, the loss is greater than indicated by 
eq 1 1 . If it is to be rebuilt systematically, 
the interruption in the production of benefits 
is temporary and should be included in H in eq 
1 2 . while any salvage value should be deduced 
therefrom• If, as assumed in this expression, 
the co st of rebuilding is the same as the 
initial capital investment, we find that every 
structure that was worth building in the first 
place is always worth rebuilding after failure 
(this is a consequence of our assumption of 
stationarity in the failure proce ss). 

In some practical cases the cost of 
rebuilding far exceeds the cost of originally 
building the structure. The situation may arise 

As an example suppose that z stands for 
maximum ground acceleration in terms of gravity, 
T = 2 . 5 , and B = 0 , 0 1 5 . Suppose also that X 
is the base shear coefficient which would make 
the structure fail and that it has lognormal 
distribution with mode x. Let b/a = 1 . 5 , H/a 
= 1 0 , and 6 = 0 . 1 yr~ 1. It is reasonable to 
assume p ~ 1 . 0 and a = / Var In <j> = 0 . 3 • Then 
X q , the optimum x, is 1 . 0 ̂  according to fig 1 . 

Application of these principles to 
structural systems has led to the development 
of reliability optimization in the design of 
statically determinate structure s. The problenl 
consists in as signing the optimum reliability 
to each member of the structure• It has been 
solved for the case in which the overall 
reliability is given and the structure is 
subjected to a single static application of a 
set of random loads ' ^ ' and for the case in 
which the overall reliability is not specified 
beforehand and the loads are random functions 
of time (9 ) . 

The same principle s have led to a rational 
procedure for establishing bonuses and penalties 
to the price of concrete as a function of the 
material strength as determined from tests on 
control cylinders (11'. This question is of 
intere st primarily because the usual policy, 
when there is defective-strength concrete in 
a job under construction, is either to leave 
matters stand with perhaps some additional 
curing, or to strengthen or tear down and 
rebuild if understrength is very pronounced. 
In the first case the owner»s utility is 
diminished because he gets a structure having 
a reduced reliability, while in the latter 
case there is a loss to the builder and to the 
owner because of the cost and delay of the 
operation, and in no case is the decision 
optimum for society. The policy of setting a 
rationally based penalty for under-strength 
and a (very small) bonus for overstrength is 
favourable to most of the parties concerned 
and usually acceptable to all. 
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Approximate formulas for the calculation 
of reliability and for reliability optimization 
in various types of structural members and 
structures under various kinds of loading' have 
been worked out, chiefly with the aim of 
facilitating the adoption of an explicit 
reliabi1ity optimi zation format in building 
codes ( 1 2 > *3) . 

Constant Grav i ty Loads: Damage and Failure S ta tes 

Consider now structures that may undergo a 
multistage process of failure, such as may 
result from the use of defense plateaus. The 
conscious f ormal adoption of thi s type of 
structural solution is due to Blume ( 1 ̂ ) . T h e 

principle involved is that failure of certain 
structural elemen t s, such as concrete-block or 
hollow-tile partitions, occurs at deformations 
smaller than those causing collapse of the 
entire structure, and retards it. There may be 
additional plateaus, such as those furni shed by 
the concrete fire protection of steel frames. 
Failure of each set of the se relat ively di spens-
able structural elements spends part of the 
energy transmit ted from the earthquake to the 
structure and hence there is a smaller prob­
ability of collapse „ Whether the solution is 
advantageous depends on the expected frequency 
with which the structure will suffer damage and 
on the cost of this damage. 

The shear-deformation curves for a struct­
ure of this type may take a shape similar to 
that in fig 2 a (see refs 1 5 and l 6 for shear-
deformation curve s of conf ined masonry walls) • 
The loss-deflection relations may resemble the 
full lines in fig 2 b , which are partly based 
on rough cost estimates for loss in rentability 
or cost of repair, whichever is smaller, the 
estimates having been made from photographs and 
descriptions of walls tested in the laboratory. 
The curves may be idealized as a stepped 
function such as the dashed line in fig 2 b . 

We shall assume that immediately after 
every earthquake the structure is repaired 
returning it to its original state if it was 
damaged, and that it is instantaneously 
replaced with a new structure if it has 
collapsed. We assume that the re si stance 
functions of the repaired and the new structures 
have the same probability distributions as 
those of the original structure angL are 
independent therefrom,* Schematically we may 
represent the possible states of the structure 
and the transitions between state s as in fig. 
3. 

Let C ana H denote, as before, the expected 
cost of building the structure and the expected 
loss in case of collapse; let denote the 
expected loss in case the structure ent ers the 
ith state of damage, including the cost of 
repair, with i = 1 , 2 , . . . , n; let H n + i = H; 
and let x± denot e the nominal re si stance s 
associated with the various states of damage, 
and x n + j the nominal resistance associated witbi 

* Treatment in ref 1 differs from the present 
formulation in that the former assumes that 
the repaired and the new structures are 
identical with the original. Thus, in ref I 
eq 12 becomes D = (C + H) E(^ fS )using our 
notation. The actual situation for a repaired 
structure is likely to lie between both 
assumptions while the present formulation is 
clearly more appropriate for new structures. 

collapse. Then the objective function we have 
chosen is 

C + D 2 
i= 1 

(C + Hn+ 1 > * ( X n + l ] ( 1 5 ) 

Ordinarily the optimum value of x n + j is 
considerably larger than the opt imum x one 
would find without the defense plateaus. Hence, 
<i> ( x n + j) is ordinarily much smaller than the 
optimal <p ( x) and it is advantageous to adopt 
thi s solution provided the Hj_ * s and the 
dif f erence s ̂  ( x i ) - ( x i + 1 ) are not too large . 

When the optimal policy is not to repair 
after the structure has undergone minor damage, 
it suffices to write the expectation of 
X( ) I [>> ( ̂x-j_) + 6 ] instead of £ ( x^ ) in eq 1 5 
for the value s of i for which thi s is the case. 

In place of the stepped function ure have 
assumed in deriving eq 1 5 > we can deal directly 
with a continuous curve relat ing H and x, or 
with a curve having a finite number of discon­
tinuities, provided we can assume that the 
re lat i on be tween the se variables is unique• We 
obtain 

C + D = 
0 

n + 1 
H(x)y dx + 

( C + Hn+l>** Xn +l> ( 16) 

where H(x) is the total damage undergone by the 
structure, including the cost of repair, when 
the nominal deformation is x, and y = >M x ) is 
d<£ / d x. An obvious modification makes eq 1 6 
applicable to structures for which the optimal 
policy consists in not repairing damages for 
smal1 values of x• 

A Determinist ic Live-Load ; Mode} 

In order to bring out the main features 
of optimal design we shall adopt a particularly 
simple model of live load. We shall as sume 
that, given a value of t, there is a time 
independent probability, p, that the total 
static value of gravity loads be equal to Wf 
and a probability 1 - p that it be equal 
to W e < Wf• This is an idealization of the 
variation of gravity 1oads on auditoriums and 
similar structures when we disregard dynamic 
effects due to the motion of people. 

The difference Wf - W e is due to people• 
Under the action of gravity alone, the total 
load at a given instant is either W e or W e + 

Wf - W e ) where & is an impact factor; ©c is a 
random function of time. For the sake of 
simplicity we shall take W e and Wf as 
de termini stic and time independent and assume 
that ocattains a deterministic maximum value 
shortly after completion of the structure• 

We shall again call C the structure•s 
expected initial cost. The loss in case of 
failure will now depend on the number of people 
present at the time of failure. We shall take 
this number to be either zero or determini stic-
ally equal to some value, proportional to 
w f - W f t, Accordingly r th,©. loss duo to failure 
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can be written as equal either to H e or to Hf, 
where Hf - H e is proportional to Wf - W 0 . 

Determin is t ic V a r i a b l e Live Load Plus E a r t h q u a k e 

Now we shal1 con side r the combined action 
of variable gravity 1oads, conforming to the 
foregoing mode 1, and earthquake s, Ini tially 
we sha L1 confine our attention to structures 
that have a single failure state. We shal1 
assume that the probability is negligible tha t 
& differ appreciably from 1 during the action 
of an earthquake having an appreciable probabil­
ity of causing failure. (Actually we can expect 
important dynamic effects due to live load 
duri ng an earthquake but they are probably not 
very significan t at instant s of maximum se i smic 
re spon se. The m a 1 1 e r de serve s observat ion s and 
s tudy. ) Hence, if p denot e s the probability 
that the audi torium is ful 1 at the time of such 
ground motion, the total load acting on the 
structure w i 1 1 be W e with probability 1 - p, 
or Wf with probability p. The loss in case of 
failure wil 1 be H e in the first case and Hf in 
the second case. To simplify the notation we 
shall call or the max imum value of cx. 

For sufficiently small values of t we can 
neglect the probability of occurrence of 
earthquake s having an appreciable probability 
of causing failure. If X g denotes the capacity 
of the structure to withstand gravity 1oads, 
the probability that the structure fail when 
vacant is 

P E = P x (W e) (1?) 
g 

and the probability that it fail with full 
auditorium is 

P f = P x [W e + c*(W f - W e)] - P x (W e) (18) 
g & 

(Notice that we are not committed to the 
assumption that either W e or Wf are uniformly 
distributed over the loaded area• We do 
require, however, that the probability that 
the total gravity load exceeds the structural 
capacity, X $ is uniquely defined by the 
magnitude or that loads) 

Hence, the expected loss due to failure 
under gravity loads is 

D ~ H P + H „ P R g e e f f 

If the structure is rebuilt instantaneously, 
we must add C( P e + Pf) to, this expected loss 
and Multiply it by 1 + 2 (p + P ) 1 , Hence 
it becomes i= 1 0 

H E P E + H f P f + C(P Q + P f) 
1 " < Pe + V 

( 1 9 ) 

where P @ + P f « P x [ w e + o c ( W f - ,W@ )] . 
g 

We shall assume that the probability 
di stribution of X is defined by two parameters. 
We shall take one gof these to be the nominal 
value of this variable and denote it by x_ 
We assume that the designer has control g 
on only this parameter of the distribution. 

According to our assumptions the structure 
will be standing at the time of every earth­

quake. The maximum base shear is a function of 
the gravi ty loads, V« ' -5) . For short natural 
periods ( shorter than about 2ttv/a where a and 
v are re spect ively the maximum numerical value 9 
of ground acceleration and veloci ty), the 
expected maximum base shear is approximately 
proportional to W. If the structure rest s on 
firm ground, for intermediate natural periods 
( up to about Zrrdj v where d is the max imum 
numerical value of ground displacemen t) the 
expected maximum base she ar varie s approx imate-
1 y a s W * / ̂ , And for very 1ong natural pe ri ods 
( longer than about 2?rd/v if the structure rests 
on firm ground) it is practically independent 
of W» What we have said of shear applies as 
w e 1 1 to other re sponse s 0 

The probability di st ribution of a re sponse 
normalized with respect to its expectation 
depends little on the gravi ty load when the 
structure stands on firm ground ( -5) , The 
probability of failure during a given earth­
quake , under constant gravity load, is P( Y "> X) 
where Y is the re spon se and X the capacity to 
resist earthquake s. Therefore, if /3 = — 
E(Y)/E(YQ) is a nondecreasing function of W, 
Yq denote s the re sponse of a reference 
structure havi ng a gravity 1oad, say Wq> and 
the capacity of the actual structure to resist 
earthquakes is X - G, where & is a nonincreas-
ing function of load, then the probability of 
failure is P(Y n"> U) , whe r e 

U = X - G(W) ( 2 0 ) 

We wish to incorporate the information 
derived from the fact that, prior to the 
earthquake, the structure had withstood a 
gravity load, say equal to Wji where Wj - W e H 
<*( W f - W e ) . This fact guarantees that 
X is not smaller than G(W|)* Hence, if 
Pxjw ^"' denotes the probability distribution 

function of X given that the structure has 
withstood the load W|, we have 

. 0 if X G(Wj) 
P x | w 1

 ( x ) = 
P X(X) -

if X > G(Wj) 

Now let u(W) denote the value of U(W) 
when we replace X with x in Eq 20. Then the 
rate of failure is 

( 1 - p)|)[u(W e)] + p v [u(W f)] = X Q + A f 

where 

(1 - P)\[> eu(W e)] i 7v f = P*[^(W f)] 

^e = ^ u e ^ z ' *f * Kf^yh 

u(W e) 

and 
uuf 

U(W f) 

u(W f) 
It follows that the expe cted pre sent value of 
the loss due to failure under earthquake is 



B E + II r E r + C( E + E r ) 
e e f f o f 

1 - ( E + E „ ) 
( 2 1 ) 

where and are E [ A /cv + 5 )] for X equal to 
and ft respectively. 

Now we can calculate the objective function 
by combining eqs 1 9 and 2 1 for the total expect­
ed loss due to failure: 

C + D = C + D + D 
g s 

( 2 2 ) 

Finally, if we express C in terms of x and 
x we can find the optimal values of the se g 

parameters so that C + D be minimum. 

As an example suppose that W e = 1 5 0 ton, 
«C= 2 o k9 H e = 0 . 8 Md (mega-dollars) 9 H f = 
0 . 8 + 0 c 0 3 ( ¥ f - W e ) , 6 = 0 . 0 8 yr" 1, C = 0 . 3 + 

0.1 x g / w e + 0.6x, 2V = 1 0 - ^ z - 2 ' 3 in yr-1, 0 C * I, 
3 f = ( W f / W e ) " 1 ' 2 , G ( W ) = 0 . 0 2 ( W / W e ) 2 , and that 
In Xg/xg has the same distribution as In ^ x , y s z ! 

normally di s tribut ed with expe ctat ion and 
standard deviation equal to 0 and 0 • 2 respect­
ively, (In the se data loads are in metric tons 
and money in megadollars.) 

Using trial and error with the approach 
we have described we find the optimal value s 
of X g and x in figs ka. and kh respectively, for 
a given value of p„ 

The se result s can be interpreted in a 
number of ways. We may, for example, speak of 
an "equivalent" live load for earthquake 
resistant de sign. If we use as frame of 
reference an apparently consistent criterion 
of design, in which the base shear would be 
proportional to W f 1 / 2

> we find the equivalent 
values of Wf displayed in fig 5 in terms of the 
actual Wf - W e for the given value of p. This 
criterion would hold if the optimal rate of 
failure were independent of Wf. 

We could have solved the same problem for 
a different assumed form of the function p f 
and for different coefficients of x g / w e and of 
x in the expression that furnishes c, thus 
finding different sets of equivalent live loads 
for a given Wf - W e . Indeed, if we were con­
sidering the de sign of the auditorium's roof 
we would also find equivalent live loads on 
the roof, which would depend on the actual 
live load acting on the auditorium floor• This 
annoying situation raises the question of 
whether it is profitable to pursue the approach 
of computing equivalent loads which, when used 
in conjunction with a more conventional method 
of design, produce optimal de signs 0 The 
answer is in the affirmative as a temporary 
measure, since acceptance of the pre sent 
approach would be facilitated insofar as we 
shroud it with the appearance of conventional 
design formats. In the long run, however, we 
will only be able to escape inconsistencies 
and unnecessary adjustment s if we adopt an 
explicit optimization format. Thi s we should 
attempt at a not much later stage in the 
evolution of building codes, 

The foregoing analysi s can be extended to 
structures that may undergo several states of 
damage and failure. 

T w o Stochast ic Live Load Mode ls 

A simple way of incorporating the stochas­
tic character of live load into the audi torium 
mode 1 is to waive the assumption that preaches 
its maximum shortly after comple t ion of the 
structure. Since we are particularly interested 
in large values of ex it is rea sonable to as sume 
that c* - 1, with & - 1 most of the time, and 
that this coefficient takes values greater 
than one for infinitely short time intervals 
according to a generalized Poisson process• 
For the sake of illustration we shal1 take the 
rate with which a given value of c< is exceeded 
as 

O t - l 

( 2 3 ) 

whe re V q and »q are constant s. (In practice 
the parame ters of Vfg depe nd on the size, mass, 
stiffnesses, and damping of the floor system 
under consideration. ) We have chosen the 
symbol V for the rat e of exceedance of oc 
because, if we write (Xg - W e ) / W f _ W e ) fore*, 
eq 2 3 gives us the rate of structural failure 
due to gravity loads when the auditorium is 
full. 

Under the pre sen t assumpt ions the probabil-
ity of failure at t = 0 differs from zero only 
with the auditorium empty• Hence, we must 
replace eq 19 with 

(C + H )P 
v e e (2<0 

where subscripts eg refer to failure due to 
gravity loads when the auditorium is empty, 

The total rate of failure is now V fg + 
V e s + -yf s, where the rates of failure due to 
earthquake when the auditorium is empty, V , 
or ful1 V f s 9 are the same as in the 
deterministic live load model. Therefore, the 
expected loss due to failure is 

D = D + 
eg 

( 2 5 ) 

H E E E + H F [ E F + E(V f gfl 4- C[E @ + E f + E ( V f g ) ] 
_ _ _ _ _ _ — T j — [ E e + E f + E ( V f g , 

The optimization process can now be 
pursued in the usual way. 

As a second stochastic model for live load 
consider a situation that approximates those 
found on office and apartment building floors• 
We assume that, at every instant, the live load 
acting on any area is independent of that on 
every other area of the floors in que stion (see 
ref 1 7 ) . We also assume that all the loads 
remain fixed over time Intervals having an 
exponential probability di stribution; in other 
words, in our model all live loads change 
simultaneously and do so according to a simple 
Poisson process; hence the load acting on a 
given section of the floors being considered 
may vary as shown in Fig. 6• 

The first of the se assumptions has the 
following implications j a) at any given 
instant the expected load on an area A is 
proportional to Al h) the variance of thi s 
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load is also proportional to A; and c) the 
probability distribution of thi s load asymptot­
ical ly tends to be Gaussian as A tends to 
infini ty 9 for positive value s of the load. 

Let Q denote the probability that at any 
given instant the gravity load exceeds the 
structural capacity, and let JU denote the rate 
at which live load changes. Then the rate of 
structural failure under the sole action of 
gravity loads is MQ* If the consequence s of 
failure did not depend on the magnitude of live 
load acting at the time of failure, we could 
treat de sign optimization in the same way in 
which we dealt with the action of earthquakes 
on structure s subj ected to constant gravi ty 
loads, merely replacing V with M Q c 

Since the consequence s of failure depend 
now on 1ive load the expected pre sent value of 
losses due to a single structural failure is 

H Q 
D = E ( — (26) 

instead of the value given by eq 11. Here H is 
the loss incurred if failure take s place when 
the total load, W , is equal to the structural 
capacity to re si st gravity f orce s, X g ; Q is 
the probability that W exceeds Xg at any given 
instant; and the expectation is taken with X g 

as random variable. If the structure is 
systematically rebuilt, the expected present 
value of the loss due to the ith failure is 

including the cost of reconstruct ion, and the 
expected pre sent value of the loss due to the 
entire sequences of failures is 

D ~ 
Ef(C + H) AQ] 

L * Q - 6 J 

1 - E ^ ^ r > 
(2?) 

In thi s treatment we have assumed that 
load effects are independent of the load 
distribution on the loaded area. When this is 
not the case we must replace the total load 
with its effect (generalized force) on the 
critical section or structural member. In 
structures that behave linearly the load 
effect is the integral, over the 1oaded area, 
of the load per unit area times the ordinate 
of the corresponding influence surface. If 
the probability! di stribution of live load is 
independent of^ location, the expected live-
load effect equals the expected unit 1ive load 
times the mean influence ordinate, and times 
the potentially loaded area, while the variance 
of the live-load effect equals the variance of 
the unit-area 1ive load times the mean squared 
influence ordinate and times the potentially 
loaded area. Owing to the relatively high 
probability there is that any portion of a 
floor be unloaded over a f init e period, of time, 
the se means are to be computed over the area 
in which all the influence ordinates are 
positive and, separately, over that in which 
they are negat ive, and the two effect s --
positive and negat ive should be treated 
as if they affected different critical sections 
of structural members. The probability 
distributions of these effects are again 
asymptotically Gaussian as the corresponding 

potentially loaded areas tend to infinity. 

Plastic structure s can be treated in much 
the same way• Displacement s associ ated with 
col 1 apse mechanisms play the role of influence 
ordi nate s while the work done by yield moment s 
at pla stic hinges play s the role of the 
generalized forces in structure s of linear 
behaviour. (See ref 1 8 for an application to 
the static limit design of slabs under random 
live load.) 

The dependence of the parameters of the 
probability di stribution of 1ive load on 
location relative to walls and partitions is 
probably not negl igible for de sign purposes i^9fa 

This dependence can also be incorporated in 
the model. 

This second stochastic model of 1ive load 
can be combined with the generalized Poisson 
proce ss that idealize s earthquake effect s, in 
much the same way as we combined thi s proce ss . 
with the first stochastic model• 

A more realistic idealization would treat 
live load as the superposition of two inter­
dependent stochast ic processe s. One proce ss 
would correspond to furniture loads and the 
other to loads due to people. 

Closing R e m a r k s 

If earthquake engineering is to be a 
rat ional di scipline it must aim at the making 
of optimal deci sions . In many instances, as 
when drafting a building code, the engineer•s 
utility scale coincides with that of society, 
and as a professional he can never drift 
greatly away from soci ety•s seale of ut ilitie s• 
Hence, even in cases where there may be con­
flict of objectives it is reasonable to begin 
by formulating optimization criteria from the 
viewpoint of society. 

Implicit and indirect optimization in the 
guise that has led to present building code 
provisions and established practice is unsatis­
factory because it requires a number of adjust­
ments, sometimes contradictory, and because, 
by obscuring the true issues, it tends to 
produce designs that lie far from the optimum 
solutions. However, several steps must be 
taken before explicit reliability optimization 
can be implemented ( 12) # One serie s of steps 
concerns the education of the engineering 
profession to make this approach palatable• 
Another concerns the production and diffusion 
of de sign aids, including computer programs 
and reliability-optimization computer languages. 
Since the pre sent methods f or sensi ng and 
interpreting the wi she s of society are defect­
ive , explicit optimization wil 1 doubtless also 
require that interdisciplinary groups partici­
pate in the proce ss, as the engineering 
profession should not attempt to hold a monopoly 
on this function• 

Apparently, before explicit reliability 
optimization is adopted we should also gather 
vast statistical information on earthquake 
characteristies and other disturbances as well 
as on structural propert ie s and on the conse­
quences of failure. Scarcity of this informa­
tion is not, however, a valid reason for 
postponing the adoption of the type of code 
format and of de sign practice proposed, since 
thi s approach merely make s that scarcity more 
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obvious, while it is just as real even if less 
noticeable in the pre sent versions of codes and 
established practice. The same applies to the 
development of me thods of analysi s and design 
1eading to reliability optimization. And the 
sooner we at tempt thi s approach the earlier in 
the game we w i 1 1 identify the areas in which 
we are most ignorant and in whi ch a re search 
effort would be most profitable. 

The present paper develops some simplified 
methods of reliability optimization applicable 
to earthquake resistant de sign. Its main 
emphasi s is in the combination of effect s of 
gravity loads and seismic forces. It is hoped 
that it will stimulate re search along the se 
same lines and in the gathe ring of stati st ical 
data which w i 1 1 permit improving the stochastic 
models adopted* 
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FIG. 2a. FORCE DEFORMATION CURVES FOR ENFRAMED 
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FIG 2b. LOSSES DUE TO DAMAGE AND FAILURE OF SHEAR WALLS 
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FIG 3. STRUCTURAL STATES AND TRANSITIONS 
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FIG 4. OPTIMAL VALUES OF DESIGN PARAMETERS 
IN AUDITORIUM - TYPE STRUCTURE 
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FIG 5. EQUIVALENT DESIGN LIVE LOADS 
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FIG 6. LIVE LOAD DISTRIBUTION ALONG A FLOOR 
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