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DUCTILITY OF PRESTRESSEJLCOHj^ 

R. W. G. Blakeley* and R. P a r k * * 

S u m m a r y 

An analytical determination of the moment-
curvature relationships of prestressed concrete 
members under high intensity monotonia loading 
is presented, and compared with experimental 
resultso The effects on ductility of such 
variables as transverse reinforcement, distribu­
tion of the prestressing steel within the 
section, steel area ratio, and axial load are 
described, A comparison is made of the duct-
i 1 i t y available in comparable pre stre s sed and 
reinforced concrete members. The results of 
tests on prestressed concrete beam-column 
assemblies under high intensity cyclic loading 
are referred to and conclusions are drawn on 
the seismic resistance of pre stre ssed concrete 
members. Load factors for seismic design are 
discussed. 

1. I n t roduc t i on 

The use of pre stressed concrete for primary 
seismic resistant elements has been a subject 
of some controversy. A survey of the back­
ground to this controversy and the current 
philo sophy of seismic de sign of prestressed 
concrete has been previously published . While 
some investigators^ have expressed confidence 
in the ability of certain types of pre stre ssed 
concrete structures designed using a conven­
tional code approach to withstand strong earth­
quake s, design engineers have generally been • 
cautiou s in the ir use of the material for 
seismic resistances The principal reasons for 
caution have been an acknowledgement of the 
greater elastic recovery and hence lower energy 
dissipation characteristics of prestressed 
concrete relative to reinforced concrete, and a 
fear that pre stre s sed concrete is a brittle 
material without significant post elastic 
ductility being available. 

The moment-curvature relations for pre-
s tre ssed concrete under monotonic and cyclic 
1oading hold the key to an understanding of 
ductility and energy di ssipation respectively• 
This paper present s the re suit s of an analy­
tical study of the behaviour of pre stressed 
concrete under monotonic loading, and the 
effect of a number of practical section varia-
bles on. ductil ity are di scussed. The re suits 
of an experimental investigation into the 
behaviour of prestressed concrete members under 
high intensity cyclic loading are referred to, 
but are more fully reported elsewhere • 

It is sometime s argued that the re sponse 
of a prestressed concrete structure to a severe 
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earthquake will be greater than that of a 
comparable re inforced concrete structure, 
be cause of the smaller energy di ssipation 
capacity and lower percentage critical viscous 
damping, Thi s could mean that the use of 
higher load factors for seismic design of pre -
stressed concrete structures are warranted, or 
alternatively, that more ductile sections are 
required. The subject of load factors for 
pre stre ssed concrete is reviewed in the 1ight 
of the re sult s of this study. 

2. Theory f o r Monoton ic Loading Analysis 

2 . 1 Assumptions 

The following assumptions wi11 be made: 

(i) Plane sections remain plane after 
flexure. 

(ii) The stress-strain relationship for 
concrete in compression is represented by the 
expression developed by Kent and Park 
relationship is illustrated in Fig. 
are three regions as follows: 
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where p w = binding steel ratio s b w = minimum 
dimension of confined core, and s = spacing of 
transverse re inforcement« 

Region BC: 
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' 2 0 c 
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This relationship allows for a variation in 
slope of the falling branch section of the 
stress-strain curve according to the concrete 
strength and the degree of confinement. 
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(iii) The maximum tensile strength of the 
concrete is assumed, to be given by the expre­
ssions 

7 . 5 p e s. 1. ( 7 ) 

The stress-strain relationship in tension is 
assumed to follow the slope of the parabola of 
Region OA at the origin, and is given by, 

2 f ' 
(8) 

moment is applied to the section the neutral 
axis will move upwards out of the section, 

2 , 2 . 2 Stage 2 

During this stage the whole section is 
under compression, and the neutral axis lies 
below the section. 

The total compressive force in the concrete 
is given by, 

(iv) The stress-strain relation for the 
prestressing steel is assumed to be of a 
"linear-hyperbolic curve-linear" form as is 
illustrated in Fig 0 2. The three regions which 
comprise the stress-strain relationship are 
expressed by: 

f = p E 
S ^ S 5 

where E 

sb f = 
s 

sb SD 

*sb 

(9) 

C = J f cbDcdy • ( 1 2 ) 

where f is the stress in the concrete fibre 
at a distance yD from the top* 

During this stage the surface concrete 
strain is less than £ Q and f c may be represent­
ed by equation (1) 

The steel strain at each tendon may be 
found from the initial steel strain due to 
prestress and the concrete strain at the level 
of the steel. The steel stresses are calcul­
ated from equation (9) as the steel strains 
are in the elastic range during this stage. 
By summation of the individual tendon forces 
the total tensile force, T s , is calculated. 

sb' 
£sa> 

• ( 10 ] 

From equilibrium of forces on the section, 

C - T + P s ( 1 3 ) 

£sb<£f f = f . 
S S D 

-sb (f 
-sb - fsb> 

( 1 1 ) 

The hyperbolic assumption for the curved 
part of the stress-strain relation fits closely 
to experimental curves from steel contro 1 
specimens, 

{v) It is assumed that all losses in 
pre stress due to time dependent e f f ects have 
occurred at the time of 1oading for which the 
theory is de termined. 

2 . 2 Development of Moment-Curvature Relation­
ship 

The theory enables moment-curvature 
relationships to be computed for sections with 
general dimensions, with or without axial load, 
and with the pre stre ssing tendons distributed 
into up to five positions down the section. 
The moment-curvature relationship is obtained 
in three successive stages depending upon the 
position of the neutral axis, as illustrated 
in Fig. 3 ° For the purpose of a general 
illustrat ion an eccentric prestressing f orce 
is as sumed. It is to be noted that the 
curvature is given by the angle 0 in the 
figure. 

where P is the external axial load (P = 0 in 
the case of a beam). The substitution for C 
and T s into equation ( 1 3 ) leads to a quadratic 
equation, from which the curvature correspond­
ing to any value of neutral axis depth may be 
obtained, The corresponding moment can then 
be calculated. 

Values of curvature and moment were 
determined for successively reducing values of 
neutral axis depth be1ow the secti on. 

2 . 2 o 3 Stage 3 

The neutral axis lies wi thin the section 
during thi s stage. The bott om fibres are 
under tension and cracks form at strains beyond 
the 1imi ting tensile strain. The compr essive 
force in the concrete is given by: 

f cbD.dy ( Ik} 

whe r e f 
and ( 6 ) , 

repre sented by equati ons ( 1 ) , ( 2 ) 

Divergent opinions are held on the effective-
ne s s of the cover concre te at large strains, 
and to study this effect three analytical 
models for the stress-strain relationship of 
the cover concrete were developed: 

2 , 2 . 1 Stage 1 

When the section is subjected to prestress­
ing force only it will have a negative (hogging) 
curvature if the pre stre ssing force ha s a down-
ward eccentricity » The initial curvature may 
be calculated directly from the initial strain 
profile. If an increasing external positive 

(a) Model 1 . The cover concrete follows the 
same stress-strain relationship as the core 
c onere te• 

(b) Model 2 . The c over concrete follows the 
same stress-strain relationship as the core 
concrete up to a strain of 0 . 0 0 ^ . Any cover 
concre te at a st rain greater than 0 ,00k is 



considered to have spalled and to have become 
ineffective. 

(c) Model 3« The cover concrete can follow a 
separate stress-strain relationship from the 
core concrete at strains greater than £ Q . 
Hen ce al1owance can be made for the different 
degrees of confinement between the cover and 
core concrete. 

The tensile force in the concrete, T c , 
depends on the existence of cracks 0 For the 
case where there are no cracks: 

T c / f c M K d y . . . ( 1 5 ) 

where f is given by equat ion (8), 

For the case where cracking has occurred: 

T c = f cbD.dy o ( 16) 

w h e r e i s the distance from the top fibre 
to the top of the cracks© 

The total tensile force in the steel, T , 
is determined from the stresses in the 
prestressing steel at each level• Stresses 
for particular strains are found from the 
appropriate equation (9) to ( 1 1 ) . 

From force equilibrium, 

C = T + T + P 
s c 

( 1 7 ) 

An iterative process was necessary for the 
solution of equation ( 1 7 ) because of the 
complex nature of the stre ss-strain relation­
ships for the concrete and steel• For success­
ive increment s of surf ace concrete strain of 
0. 000 1 the neutral axis depth was found and 
the corresponding curvatures and moments 
calculated. 

3. Ana ly t ica l Study of Boanru 

For beams £ 0 . 0 0 2 was assumed in 
equat ions ( 1 ) . ( 2) and ( 3 ) as recommended by 
Kent and Park**. 

3 • 1 Comparison of Theory and Experimental 
Results 

3,1*1 Priestley's Tests 

Few experimental results have been publish­
ed shoeing moment-curvature relations for pre­
stressed concrete, and hence a comprehensive 
comparison of the theory with experimental 
results cannot be made• However, one we 1 1 
documented series of tests which could be used 
was those of Priestley^. Seven beams with a 
3n x i^m c r o s s section were tested simply 
supper ted over a span of 1 V 9 W• The beams 
were loaded by two point loads to give a 
constant moment zone over the central 6* of 
the span. St irrups were included in the 
constant moment zone of only one of the beams 
and hence only in this case can a direct com­
parison be made with the authors * theory for 
confined compression zones• Al so, readings 
were not taken beyond the stage of crushing 
of the compre s sion fibre s, A compari son of 
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Priestley 1s and the authors * curves are shown 
in Fig* ko Priestley recorded experimentally 
both the average curvature over the length of 
the constant moment zone and the average of 
the maximum curvatures occurring at the tension 
crack positions within the constant moment 
zone o He also plotted moment-curvature 
relationships determined from his theory for 
both the curvature at a section which cracks 
in tension, ( h e , the maximum curvature) and 
for the average curvature which takes into 
account changes in stress condit ions between 
cracks 0 To standardize the curves, all value s 
of the moment M were divided by the theoretical 
"ultimate" moment M u, and the curvatures 0 
were divided by the theoret ical "ultimate" 
curvature at a crack 0U. The theoretical curve s 
were calculated assuming an "ultimate" com­
pressive strain in the concrete of 0 , 0 0 ^ . 

The theoretical approach used by the 
author s determined mome nt s and curvature s at a 
section whi ch cracks and hence corre sponds to 
Priestley*s "maximum" experimental and theo­
retical curves 0 The Model 3 analytical curve 
with Z c o v e r = 2 x Z c o r e was chosen as providing 
the be st representation of the concrete stre ss 
blocko Thi s as sumpt ion wil1 be di scus sed more 
fully later. Correlation with Priestley 1s 
theoretical curve was good and related well to 
the shape and "ultimate" conditions of the 
experimental curve• 

It wi 1 1 be noted that there is a differ­
ence in the behaviour at cracking between 
theory and experiment. On the authors * 
theoretical curve there is a drop in load after 
cracking. Prior to flexural cracking, a 
tensile force is developed in the concrete at 
the bottom of the beam. When the beam cracks, 
the tension force in the prestre ssing steel 
must increase and for a pre stre ssed concre te 
beam wi th a low steel percentage a considerable 
steel strain may be required to reach equilib­
rium again. In the process a large crack 
height wi 1 1 be developed. During this stage 
there is a temporary reduction in moment 
re si stance apparent on the theoretical curve. 

If all the cracks in the constant moment 
zone of Priestley 1s beam had formed simult-
aneously, a drop of load would have been 
expected at cracking, because the deflection 
was held constant, As in fact the cracks did 
not appear simultaneously the exact load at 
which cracking was initiated was not discern­
ible and does not appear on the experimental 
plot. 

In this study the theoretical approach 
based on maximum curvature will be compared 
with experimental readings of average curva­
ture from gauge lengths up to 1 2 " . The 
justification for this may be seen in Fig. k» 
The shape of the authors* theoretical curve 
and the experimental "average" curve are very 
similar. The large difference between the 
average and maximum curvatures at a concrete 
strain of 0 . 0 0 ^ in Priestley.8s test was 
because crushing occurred only above one or 
two cracks within the 6 1 length of the constant 
moment zone. However the much smaller gauge 
length used in the authors' tests will cause 
a closer re 1ationship between the average and 
maximum value s. 
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3 . 1 . 2 The Authors* Tests 
3 

The investigation^ set out to examine 
experimentally the behaviour of prestressed 
concrete frames under seismic motions. Four 
full-scale precast prestressed concrete beam-
column assemblies were tested under high 
intensity cyclic loading. Brief details of the 
test series are included in the Appendix. 

Figure 5 illustrates the experimental beam 
plastic hinge moment-curvature relationships for 
Unit 2, and four theoretical moment-curvature 
curves. The experimental curves are for two 
particular cycles of load but the envelope oi 
them should be similar to the curve from 
monotonic loading. The theoretical curves show 
a greater initial stiffness than the experi­
mental curve for the 1 2 " gauge length adjacent 
to the column face. This is because the 
theoretical curves do not take into account the 
smaller cross section at the -g-n recessed mortar 
joint at the column face. The reduced stiffness 
plus the lack of tensile strength across the 
mortar joint meant that the first crack occurred 
in the joint at a lower moment than that pre­
dicted® For a further c ornpari son, the experi­
mental moment-curvature relationship for the 8 " 
gauge 1ength on the beam adjacent to the joint 
(but excluding the mortar joint) is also 
plotted in Fig. 5. The initial stiffness of 
thi s experimental curve corre sponds exactly to 
the theoretical beam st i ffne ss. However beyond 
the theoretical cracking moment trie two curves 
diverge because the formation of a crack wi thii 
the 8 " gauge length is re tarded by the prox­
imity of a wide crack in the mortar joint. 

Al 1 three analytical models for the 
concrete stress block after maximum stress are 
compar ed with experiment in Fig. 5• Model 1 , 
which all owed the cover concrete to follow the 
same stress-strain relationship as the core 
concrete, closely approximated the maximum 
moment capacity, but made no allowance for 
reduction of moment with increasing curvature. 
Model 2 , whi ch con sidered all cover concrete at 
a strain greater than 0 0 0 0 U to have spalled, 
undere stimated the post-crushing moment resist­
ance of the sect ion o Various value s of Z for 
the cover concrete were tried in Model 3 and 
the curve which gave the be st fit to the 
e xperimental result s had a Z value for the 
cover of 80 (i.e. approximately twice the Z 
value for the c ore). Significant point s on 
thi s moment-curvature plot are marked in Fig. 
5• Also plotted in Fig. 5 for compari so n is 
the curve for Mode 1 3 with Z for the cover as 
5 0 0 } the value for unconfined concrete, The 
discontinuity in the the ore t i cal curves 
repre sent s the point of fracture of the tension 
steel at an assumed ultimate strain of 0 , 0 ^ , 

When comparing theory and experiment at 
high curvatures it should be noted that the 
experimental plot is f or two particular cycle s 
of load and there may hav e be en siightly 
dif ferent characteristics if 1oadi ng had be en 
monotonic, e spe c i ally a s at the peak of cycle 
k9 on Fig, 5} both steel and concrete were 
behaving inelastically, 

3 • 2 Effect of Transverse Re inf orcement on the 
Ductility of ĵ̂ __Bgg-tns of Units 1 and 2 

The concrete stress block mode 1 which gave 
the best fit to the experimental curves for 
Unit 2 was Model 3 with Z = 2 x Z 

cover core 

However, for the more 1i gh 1 1 y st irrupped Unit 
1, the be st fit was obtained from Model 1 with 
Z c o v e r = Zcore (= 1 5 0 ) ° Thi s result appears 
reasonable as intuitively one wou 1d expect that 
with a larger stirrup spacing the cover and 
core concrete would behave more mono!ithically. 
This difference in appropriate stress block 
mode 1 does restrict a general study of the 
effect of transverse reinforcement on ductility. 
However a valuable guide may be obtained from 
comparing the practical cases of Units 1 and 2 
because Unit 1 contained only sufficient 
stirrups for shear, whereas Unit 2 contained 
addi tiona 1 s tirrups for duct ility, Fig. 6 
illustrates the appropriat e theore t ical moment -
curvature relationships for Units 1 and 2 , v 

plotted for the same value of concrete strength * 
Clearly the confined concrete of Unit 2 enables 
it to retain higher moment s at large curvatures. 
However the curve for Unit 1 still shows 
adequate moment resistances even at very high 
curvatures 0 

It is concluded that pre stre s sed concrete 
beam sect ions with sufficient transverse rein-
forcement to satisfy the shear requirements of 
codes may be extremely ductile. 

3 * 3 Effect of Di stribut ion of Prestressing 
Steel in Member 

A topic of interest for the design 
engineer is the effect on the moment capaci ty 
of the di stribut ion of pre stre ssing tendons 
down the section. To make this comparison 
moment-curvature characteri sties were computed 
for a section keeping the magnitude of the 
total prestressing f orce and it s 1ine of 
action constant but varying the numbers and 
positions of tendons, An axial line of action 
of the total prestressing force was chosen 
because this configuration provide s the be st 
re si st ance to sei smic load reversals. The 
theoretical model developed for the Unit 2 
beam was used f or the concrete stre s s block. 

The results are shown plotted in Fig s 7* 
It is apparent that al 1 curves are very 
similar apart from that for the single tendon 
position. In thi s case there is a lower 
maximum moment capacity and a substant ial 
decline in moment resistance after maximum. 
The reason f or the curve for two posi t ion s of 
the tendons be ing lower than tho se for three, 
four, or five positions was that the two 
tendons were not placed at the extremities of 
the section and hence this was a siightly less 
f avourable configuration than the others, Thi s 
was done to provide a comparison wi th the 
practical case of Unit 2. The sharp drop off 
in moment at high curvatures occurs when the 
tendons reach the fracture strain, £ s u , in 
tension, At high curvatures the tendons in 
the compression zone may lose their tension and 
act as compre s sion reinforcement. The same 
elastic properti es in compre s sion as in tension 
was as sumed for these tendons since the com­
pre s si ve stre ss induced in the t endons was 
never very great, 

It may be concluded that for seismic 
resistance of concentrically pre stressed 
members it is advantageous to have more than 
one tendon po si t ion wi thin the section, but 
there is little difference in behaviour 
be tween section s wi th two or more position s 
of tendons for the same total prestressing 
force. 
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3 . k Effect of Variation of Steel Area Ratio 

In order to study the effect of varying the 
steel area ratio on the moment-curvature 
relationships, a model of the dimensions shown 
on Fig. 8 was chosen with eccentric prestress­
ing at a steel depth of 0 0 8 D e A representative 
Z value for the core of 80 was taken. Since 
this was intermediate between the case of Unit 
2 (with Z c o r e = 38 and Z c o v e r = 2 x Z C O r e ) , 
and that of Unit 1 (with Z c o r e = 1 5 5 and Z c o v e r 

= Z c o r e ) , a value f or Zcover o f 1 • 5 x Z c o r e was 
chosen. Curves for values of steel area ratio, 
p = A s/bD, from 0 . 0 0 2 to 0 . 0 1 2 are plotted on 
Fig. 8. Note that p will be defined as the 
steel content as a proportion of the total area 
of the cross section. 

The general pattern of the curves shows 
an increase in moment capacity, but a decrease 
in ductility with increasing p 0 

The limitation on steel percentage 
specified in ACI 3 1 8 - 6 3 ° and included in the 
proposed revision? of the ACI 3 1 8 - 6 3 is 

A f 
s sp 

bd f • 
< G o 30 • ( 1 8 ) 

For the section studied, using the value for the 
steel stress at maximum moment, f G calculated 
from the theory, equat ion ( 18) requires 
p = As/bD < 0o 0069^0 The moment-curvature plot 
for thi s value of steel percentage is also 
shown in Fig. 8 . The intention of the ACI 
equation is to prevent a brittle failure from 
over-reinforcement. It is apparent that the 
curve for p = 0.0069*+ exhibit s reasonable 
ductility but that for deismic design it may 
be necessary to restrict p to a smaller value 
than that given by the ACI equation. 

It is of interest to compare the calculated 
stress in the prestressing steel at maximum 
moment on the moment-curvature plot of the 
limiting steel ratio with the ACI code 
expre ssion given for steel stre ss at ultimate 
load. 

(i) From the theoretical moment-curvature 
plot: 

At maximum moment ( C c c * 0 . 0 0 3 0 1 ) , 
f s = 2 1 1 , 2 0 0 p.s.i. 

( ii) From ACI 3 1 8 - 6 3 ° ' and the proposed 
revision's 

A f 
f - f ( 1 - 0 . 5 't J - * Trf—• ) sp su * bd f9 

^ c 

. . . ( 19) 

This expression gives f s p = 20*4>, 000 
p. s.1. 

The agreement is good and is even better at 
smaller steel content s. 

This moment corresponds in Fig 0 8 to: 

1 0 0 M / (f fbD 2) = 0 x 1 6 . 0 = lk. ^0 

Before application of the capacity reduction 
factor of 0 = 0 o 9» the maximum moment al 1owed is 
very close to the maximum moment for 1imiting 
steel ratio. 

It is concluded that the 1imit of steel 
percentage imposed by the ACI code 0' ? does in 
fact result in reasonable duetility but to 
ensure adequate ductility for se i smi c de sign it 
may be desirable to reduce the 0 . 3 on the right 
hand side of equation ( 1 8 ) to say 0 o 2 . The 
value for f Sp recommended by the ACI code 1 ? 
re sult s in a good approximati on for the maximum 
moment. 

3 e5 Compari son of Pre stre s sed and Reinforced 
Concrete 

Because more is known about the seismic 
behaviour of reinforced concrete structures, 
attempts are often made to compare prestressed 
concrete with reinforced concrete. It is 
therefore of value to study the moment-curvature 
characteristics of the two materials 0 Fig. 9 
illustrates moment-curvature responses for 
typical re inforced concrete sections as 
determined in an analytical study by Kent°\ and 
for compari son typical prestre ssed concrete 
section responses. The same section geometry 
was used for both studie s as shown in Fig. 9» 
The value of maximum concrete strength, f *, 
for the reinforced concrete study was 
p•s.i., and a representative value of f^ = 
6000 p.s.i. was chosen for the prestressed 
concrete members, 

The analytical model which had been used 
for the reinforced concrete study considered 
all cover concrete at a strain greater than 
0 . 00*1 to be inef f ective • For consi stency the 
same model was used for pre stres sed concrete• 
This model provides good correlation with 
experiment at low values of Z, but is slightly 
conservative at high values of Z• Curves for 

values of Z of 10 and 100 were plotted for both 
materials, thus presenting the extremes of the 
likely range of degree of confinement in such 
beams. 

Rather than plot the curves to the 
dimensionless moment term, M/(f c b d 2 ) , the 
expression M/bd 2 was chosen as this allowed a . 
direct compari son of pre stre s sed and reinforced 
concrete members with the same maximum moment 
capacity (and hence same de sign moment f or an 
ultimate strength approach). For example, P6 
and R 1 0 have identical value s of maximum moment 
from the expression, M/bd 2. A study of their 
respective curves show that P6 has a greater 
curvature at the crushing strain of 0 . 0 0 ^ 
than does R 1 0. The reasons for this may be 
seen from a comparison of section behaviour at 
crushing, as over : 

When the steel ratio exceeds the limiting 
value, ACI 3 1 8 - 6 3 ° and the explanation of the 
proposed revisions? specify that the ultimate 
moment to be taken is not greater than: 

M u » 0 ( 0 . 2 5 f ^ b d 2 ) ( 2 0 ) 
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P6 RIO 

k 0. 20 1 0 . 3 * 9 

0d o.o 1939 o„o 1 2 5 3 

f A 
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lever arm 0 . 9 i0 Go 359 

M 860 £59 

The curvature when the extreme concreca fibre 
strain is 0 , 0 0 ^ is dependent on the neutral 
axis depth* This depth is in turn dependent on 
the compressive force and the concrete strength, 
f c. Even though the values of compre s sive force 
are comparable in the two cases, the greater 
concrete strength for P6 allows a smaller 
neutral axis depth and therefore a larger 
curvature e 

It is concluded that generally a pre stre ss­
ed concrete beam should have a greater curva­
ture at crushing, than its reinforced concrete 
counterpart with the same maximum moment 
capaci ty. 

It is of interest to compare the ductility 
f actors as commonly defined for pre stre ssed 
and reinforced concrete• The rotational 
ductility factor for pre stre s sed concre te is 
usually defined as the ratio of rotation over 
a small increment of length to rotation over 
that 1ength at first cracking, whereas for 
reinforced concrete the rotational ductility 
factor is taken as the ratio of rotation over 
a smal1 increment of 1ength to rotation over 
that length at first yield of the tension 
steel. The rotational ductility factors at 
the crushing strain of 0 . 0 0 ^ have been tabu­
lated on Fig. 9 for all the curves plotted. 
The rotational ductility factor terms for the 
prestressed concrete members are up to 8 times 
those of the reinforced concrete members for 
the same values of curvature. This illustrates 
why it is not possible to relate the ductility 
factor requirements as commonly defined for 
pre stre s sed concrete members to those already 
known for reinforced concrete members. 

9 
Rosenbleuttr has developed an equation to 

relate forces and deflections in two single 
degree systems, one with an elasto plastic 
hysteresis loop and the other with an elastic 
bilinear hysteresis loop. The design 
acceleration spectrum is idealized as hyper­
bolic in the range of interest, and the two 
systems are as sumed to have the same mass and 
the same initial stiffne ss, and a coefficient 
of damping not smaller than 2% for small 
o scillations. The details of the assumed 
hy stere si s loops are illu strated in Fig. 1 0 . 
The expression derived is: 

1 0 . 6 

H i i 
H2 j_ H 2 

( 2 1 ) 

where the ductility factors are: 

U2 = D 2K/F 2 

. ( 2 2 a ) 

a ( 2 2 b ) 

For a pre stressed concrete member such as 
P6 in Fig. 9 the bilinear representation of it s 
moment-curvature response would be more 
reali stic if the value of moment corresponding 
to F2 was taken as the maximum moment rat he r 
than the moment at cracking. Hence if we 
compare P6 and RIO for which Pj = F 2 and 
substitute the ductility factor of R 10 at 
crushing ( |j = ka75) into equation (2 1) , the 
required ductility factor for the pre stre ssed 
member wi th the same initial slope as R10 and 
same yield curvature, would be 6 . 7 2 . This 
corresponds to a curvature 0 d, on Fig. 9 of 
0 . 0 1 7 5 } which is less than the curvature at 
crushing for P6. That is, the extra duetility 
demand f or the pre stressed concrete model is 
more than compensated for by the extra ductility 
available« 

Alternatively one may consider members 
with the same ductility demands such as P^ and 
R 1 0 j which have comparable curvature s at cru sh­
ing. Assuming the initial stiffness for the 
pre st re ssed member is the same as that for the 
re inf orced concrete member, the ductility 
factor at crushing for each member will be 
approximately rJj_ = 35 ^ ® ? 5 « From subst i tut ion 

in equation ( 2 1 ) , 1 * 2 8 8 , The value of F 

corresponding to the yield moment for R10 is 
^ 9 - 82 5• Therefore the required value of F r 

M x 
is = 1 0 6 2. This value is less than the bd 
actual max imum moment of re si stance of 
1 2 9 8 for Fk. 

M 
2 

bd 
On the basi s of Rosenbleuth * s expression 

it may be concluded that a pre stre s sed concre te 
member de signed to the same maximum moment 
capacity a s a comparable re inforced concrete 
member undergoes greater ductility demands than 
the reinforced concrete member, but the se are 
more than allowed for by the greater ductility 
available be fore crushing. 

4. Analy t ica l Study of Co lumns 

4. 1 Comparison of Theory and Experimental 
Result s 

The experimental moment-curvature relation­
ships obtained from the columns of Unit s 3 and 
k during the cyclic 1oading tests are illu strat­
ed in Figs. 1 1 and 1 2. The experimental curves 
were plotted in each case for the plastic hinge 
length directly above the beam since the large st 
values of curvature were measured over this 
gauge length* Experimental moments were taken 
at the section 3m above the top of the beam as 
this represented the critical section for 
crushing. 

Figs. il and 12 also show the theoretical 
curves. The experimental axial loads were 
increased with increasing bending moment, and 
the same increasing axial load relationship 
was used in the theory. In the theory it was 
found that at far advanced curvatures the 



strands in the compression zone attained quite 
Large compressive strains. Little is known 
about the behaviour of pre stressing wire s or 
strands in compression within a f1exural member. 
For reinforced concrete it is generally assumed 
that the shape of the st re s s-strain curve for 
tension wi 1 1 also apply in compression. 
Buckling is considered to by delayed by: 

(a) the presence of some concrete around the 
bars. 

(b) the nece ssity for a compre ssion bar in a 
plastic hinge zone to undergo a reverse 
curvature to buckle during flexure. 

Pre stre s sing wire s or strands are more likely 
to buckle than re inforcing bars becau se of 
the ir higher stress levels and lower moment s of 
inertia due to smaller diameters. The stre ss-
strain relation assumed for steel in compression 
in the theory is illustrated in Fig. 13 0 The 
pre stressing strand in compression is assumed 
to follow the initial slope of the stress-
strain curve up to a strain of - 0 . 0 0 5 and then 
to retain the compre ssive stress achieved at 
that st rain with further increase in strain 0 

Thi s effect becomes significant only at very 
large curvature s. Thi s as sumption appeared to 
give the be s t correlati on wi th the experimental 
re sults of Units 3 and U. The value for 
ultimate steel strain in tension assumed in 
the theory was 0 „ 0 3 1 from correlation with 
test re suits • 

A value of £ Q = 0 „ 0 0 2 5 for the concrete 
was used in the theory for Units 3 and k. This 
value was found from the concrete control tests 
on standard cylinders, and arises because of 
the high strength of the concrete ( f • — 8000 
Pc s . i 0 ) . c 

The column of Unit 3 contained ties which 
satisfied normal pre stre s sed concrete code 
requirements for shear and gave a Z value for 
the core of 67. Three theoretical models for 
the compressed concrete are compared in the 
curves of Fig* 1 1. The closest correlation of 
theory wi th experiment for the column of Unit 
3 came from Model 1• This is reasonable as for 
thi s column at the plastic hinges there was a 
gradual propagation of longitudinal cracking 
in the compre ssion zone rather than sudden 
spalling of the cover concrete. The discrep-
ancie s between the experimental and theoretical 
curves at large curvatures may be due to the 
fact that the experimental values were deter­
mined from cyclic rather than monotonic load­
ing. The bottom strand first goes beyond the 
elastic limit at the peak of cycle 5 and its 
subsequent behaviour wi 1 1 vary from monot oni c 
characteristies. 

The column of Unit k contained heavy 
rectangular spirals which gave a Z value for 
the theory of 5„ The cover concrete of this 
column spalled suddenly during the tests. As 
would be expected, the be st correlation with 
experiment for this column was obtained by 
assuming that the cover concrete spalled at a 
strain greater than 0 . 0 0 ^ . This model gave 
close agreement be tween theory and experiment 
as can be seen in Fig. 1 2 . 

k.2 Variation of Duct ility with Axial Load 

The effect of axial load on ductility is 
important when considering the behaviour of 
pre stre ssed concrete columns. To provide a 
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comparison, a study was made of the sections 
with transverse conf inement sat i sf ying normal 
prestressed concrete code s a s repre sented by the 
be st Unit 3 model, and sections with special 
transverse re inf orcement f or conf inement 
complying with the best Unit k model 0 Inter­
action and ductility curves are shown plotted 
for both cases in Figs. 1k and 1 5. It may be 
readily seen that the degree of confinement has 
little effect on the interaction curves and not 
a large effect on curvature at maximum moment 0 

To give an indication of the due tility avail-
able after maximum moment, curvatures at half 
maximum moment on the falling branch of the 
moment-curvature response are also plot ted in 
Figs. tk and 1 5 . It may be seen that increasing 
the ax ial load from zero initially cau se s the 
curvature at half maximum moment to increase. 
Thi s is be cause f racture of the tension steel 
wires is the cause of the rapid drop of moment 
at low axial 1oads and the curvature at steel 
fracture increases as the neutral axis depth 
increase s with load. Eventually a di scontinuity 
is reached and at higher 1oads the fracture 
strain of the steel is not reached at half 
maximum moment. In this region the half 
maximum moment point is reached wi th succe s s-
ively rapid reduction in curvature wi th 
increasing axial load. The shape of the moment-
curvature relations wi th varying ax ial 1oads are 
shown in Fig. 16. It is interesting to note 
that the point of maximum curvature on Fig. 1k 
occurs at an axial load very close to the 1imit 
specified in the SEAOC 1 0 code 

— i> 0 o 1 2 f 1 . . . ( 2 3 ) A n c 
S 

above which the total ultimate moment capacity 
of the columns, at the de sign earthquake axial 
load, must be greater than the total ultimate 
moment capacity of the beams at a particular 
joint. 

It may be concluded from the ductility 
curves for half maximum moment shown in Figs. 
ik and 1 5 that concrete confinement re suit s 
in 

(a) an increase in the maximum duct ility 
available from the section 

(b) an increase in the range of axial load 
over which significant post-crushing 
ductility is available. 

5. General Comments 

Specific conclusions have already been 
given at the end of each section and some 
general comment s will now be made on prestress­
ed concre te sei smic design in 1ight of the 
re sult s pre sented. 

One of the major concerns expre ssed about 
the ability of prestressed concrete as a 
sei smic re sistant material has been whether or 
not it can undergo large post-elastic deform­
ations 0 The results presented here have shown 
that pre stre ssed concrete beams and columns 
can exhibit large ductility, provided limits 
of steel ratio and axial load are not exceeded. 

The other major concern ha s been the 
elastic recovery of pre stressed concrete 
members and hence their smal1 energy dissi­
pation. An indication of the energy dissi­
pation capacity of prestressed concrete members 
may be obtained from Figs« 17 and 1 8 , which 
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forced Concre te Members wi th Cycli c Load­
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Concre te Inst itute, 19 66 . 

Appendix: <: Details of Exper iments on Cycl ic Loading of 

i l g stressed Concrete Beam-Column Assemblies 

It must be noted, however, that be cause 
of higher concrete strengths a prestressed 
concrete member may sustain greater curvatures 
before crushing than a comparable reinforced 
concrete member o Thi s factor may well counter­
act t he effect of the smaller energy di s s ipat ion 
capacity under cyclic loading. Only dynamic 
analyse s to be carried out in the future wi 1 1 
give the final answer but it may be that the 
use of a higher load factor for prestressed 
concrete as is recommended by the NZPCI 1 1 can 
only be justified on the grounds that the 
difficulty of repair, and he nee the de s ina­
bility of avoiding structural damage, is great-
er for a pre s tressed concrete structure than 
for a re inforced concrete structure. 
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A series of four tests we re c onducted on 
full size precast, pre stre ssed concrete beam-
column a s sembli e s under reversed cyclic 1oading 
of high intensity. The test specimen was part 
of a mult istorey pre stre s sed concrete frame a s 
illustrated in Figo 19• The axial column load 
P repre sen t s the loadi ng from gravi ty and over­
turning moment; the reversible load X applied 
at the end of the beam and the reactive lateral 
1oads H induced at the ends of the column 
repre sent the shears applied in an earthquake. 
Static cyclic 1o ading wi th rotations at the 
critical s e c t ion s of up to 1 5 time s the crack­
ing rotat ion were applied to the test specimens. 
Figs. 20 and 2 1 show the de s ign details of the 
member s 0 Unit s 1 and 2 were designed to form 
plastic hinges in the beam at the joint and 
Unit s 3 and k were de signed to f orm plastic 
hinge s in the column immediately above and 
below the joint. The columns were pretensioned; 
the beams were lightly pretensioned for handling 
purpo se s and post-tensioned by cables pas sing 
through the column into an exterior anchorage 
block, One inch thick moi st pack mortar joints 
were f ormed be twe en the members be fore post-
tensioning. The cable s were grouted. The 
steel stirrups and ties in Unit s 1 and 3 were 
de s igned to satisfy the commonly used code s for 
pre stre s sed concrete, f or example ACI 3 1 8 - 6 3 . 
To examine the effect of concrete confinement, 
Units 2 and k contained in the column regions 
adjacent to the joint approximately one half 
of the re c tangular spi ral steel required by 
the code of the Structural Engine ers As sociation 
of California 1^ for special transver se rein­
forcement f or ductility of re inf orced concrete 
members. - The beams of Unit s 2 and k also con­
tained extra stirrups as required by the 
SEAOC code 

Nota t ion 

10 for reinforced concrete• 

gross area of cro s s sect ion 

total steel area 

A s l , A s 2 , A s 3 

b 
b" 

••• area of steel at tendon 
positions 1 , 2 , 3s < > • . • • 

width of cross section 
width of confined core measured to 
out side of hoops 
t otal compre s sive force in concrete 

show the hysteresis loops for the Unit 2 beam 
and the Unit U column* The initial cycles in 
both cases showed low energy di s sipa t i on 0 

Once crushing of the concrete fibres occurs 
there is a significant reserve of energy 
dissipation available, but at the expense of 
incurring structural damage <, Because of the 
difficulty of repairing membe rs back to a fully 
prestressed condition it is desirable that 
curvatures should not reach values where the 
concrete will crush under a severe earthquake, 

It is generally accepted that the response 
of a prestressed concrete structure to a given 
earthquake will be greater than that of a 
comparable reinforced concrete structure, 
because of the lower energy dissipation and 
viscous damping properties for prestressed 
concrete^ Hence it may be argued that the load 
factors for seismic design should be higher 
for prestressed concrete than for reinforced 
concrete rather^than equal as is the case in 
the ACI code 6* 7

0 



overall depth 
maximum def 1ection of systems 1 
and 2 

distance to centroid of prestress­
ing steel f rom extreme compre ssion 
fibre 
modulus of elasticity of steel 

maximum forces for systems 1 and 
2 

stress in concrete 

strength of 6 " diameter by 1 2 " 
cylinder 
stress in steel 

see Fig. 2 

see Figc 2 

stre ss in steel due to prestress 
stre ss in pres tre s sing steel at 

In jur maximum moment as defined by ACI 
code 6' ? 
ultimate steel stres s 

yield stre ss of reinforcing 
steel 
initial st iffne ss of systems 1 
and 2 

di stance from neutral axis to 
extreme compression fibre/D 
moment 
moment at cracking 

maximum moment capacity 

number of tendon positions 
axial load 
A /bD 
s' 

ratio of volume of steel hoops to 
volume of confined concrete 
spacing of confining steel 
tension force in concrete 

tension force in steel 

di stance to a fibre from extreme 
compre ss ion fibre/D 
defined by equation ( 3 ) 

Z value for core concrete 

Z value for cover concrete 

i «•. di stance from tendon 
posit ion 1 , 2 | 3 s »• • > « to 
extreme compression fibre/D 

di stance from extreme compre ssion 
fibre to top of crack/D 
concrete strain 

concrete strain at extreme com­
pre s sion fibre 
concrete strain at rupture in 
tension 

-sb 

' 2 0 c 

- 5 0 h 

- 5 0 u 

0 

0 , 
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0. 

Mi 

or 0, 

M 2 

. 0 0 ^ ~" ^u curvature a t extreme fibre concre te 
strain of 0 . 0 0 k 

ductility factors defined by 
equations (22a) and (2 2 b ) . 

steel strain 

see F i g c 2 0 

see F i g o 2 0 

ultimate steel strain 

strain at a fibre 

concrete strain at maximum stress 

strain at 0 0 2 of max imum stre s s on 
fal 1ing branch of stress-strain for 
concrete 
defined by equat ion ( 5 ) 

strain at 0 0 5 of maximum stress on 
f al 1ing branch of s tr es s-strain for 
concrete and def ined by equat ion 
<m 
curvature or capacity reduction 
factor 
curvature at first cracking 

curvature at first yielding of 
reinforcement 



Fig. 1. Assumed Stress-Stra in Relat ion f o r Concre te . 

Fig. 2. Assumed Stress-Stra in Relat ion f o r Prestressing Steel. 



-SECTION-
Pre stressing below 

force only section 

Fig. 3. Strain Profiles for Three Stages or Loading. 
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Fig. 4 . Comparison wi th Priestley's Results for Beam MK5B in 
the Constant Moment Zone. 
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LEGEND: 
Experimental curves: 

O™——O Unit 2 f Cycles ̂  and 15 (upward load). Average moments and 
curvatures for 1 2 " hinge length from column face 
(including mortar joint), 

A a Unit 2, Cycle 4 (upward load), Average moments and curvatures 
for 8" gauge length on beam adjacent to joint. 

Theoretical curves: 
Model 1 , Z c 

- Model 2, Z 
' Model 3 , Z 

' core 
Model 3 t 2 

core 
NOTE: 

Material properties: 

38.2, 
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38.2, 
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cover 

f • = 6000 psi. 
f = 2^9,000 psi. 
e S U= 0.C* su 
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Fig. 5. Comparison of Moment—Curvature Characteristics of 
Unit 2 Beam and of Four Theoretical Models. 





NOTE :-

2 9 MATERIAL PROPERTIES; r - 6OOO psi. 
f = 2 ^ 9 , 0 0 0 psi„ su 

3 * Model 3 stress block; Z = 3 8 . 2 , Z = 8 0 , 0 ' core cover 
'•I • Analysis was based on 7~t" x 2 1 " section with 

cover to the stirrups* 

p =6700396 for all cases. 
N = 3 

Fig. 7 . Effect of Dis t r ibut ion of Pres t res s ing Steel in M e m b e r . 
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Fig. 8. Effect o f Va r ia t i on of Steel Area Ratio. 
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PRESTRESSED CONCRETE BEAMS 
Z - 1 0 z = 1 0 0 
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Fig. 9. Comparison of Prestressed and Reinforced Concrete Members. 
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LEGEND: 
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Experimental Curves: 
for 8" gauge length in column above beam (cycle number shown) 
Theoretical curves: 
Model 1, Z -~ 67, ^ - 6? core cover 

cover 
NOTE: 
1 . Experimental moments were taken at 3 " above top surface of beam. 

For both, experimental and theoretical curves, axial load was varied 
from P = 98,3 kips at K = 0, to P = 1 2 2 . 7 kips at M = 136 kip feet. 

271,000 psi. 

CURVATURE—radians per in x 10" 

Fig. 11 . Compar ison of Exper imenta l and Theoret ical Curves for 
Unit 3 Upper Co lumn Hinge. 



LEGEND: 

NOTE: 

Theoretical curve: Model 2 ; Z = 5 
core Experimental curves (cycle number shown) for 1 2 " gauge length in column above beam. 

1. Experimental moments were taken at 3 " above top surface of beam. 
2 . For both experimental and theoretical curves, axial load was varied from 

P = 98.3 kips at M = 0 to P = 1 2 7 . 1 kips at M = 1^0 kip feet. 
3 . Material properties: f' = 8080 psi., f = 271 ,000 psi., e = .031 
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Fig. 12. Compar ison of Exper imenta l and Theoret ical Curves for 
Unit 4 Upper Co lumn Hinge. 
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Fig. 13. Assumed Stress-Strain Curve f o r Prestressing Steel in 

Compress ion in C o l u m n s . 
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Fig. 16. Effect of Vary ing Axial Load on M o m e n t — C u r v a t u r e 
Relation fo r Unit 3 Co lumn Mode l . 



Fig. 17. Exper imen ta l M o m e n t — D i s p l a c e m e n t Curve f o r Uni t 2. 



NEGATIVE MOMENT AND ROTATION CORRESPOND 
TO DOWNWARD LOAD AT BEAM END 

(Readings are for 12 inches plastic hinge length in 
column above beam ) 

Fig. 18. Exper imenta l M o m e n t - — — R o t a t i o n Curve f o r Uni t 4 . 

Fig. 19. Beam-Co lumn Test Spec imen. 



170 
Steel ptatefTypical) — -4—0,200 dia. wires 

-8—% dia. strands 

- % dia. tie 

r-7 V 
SECTION A—A 

4-/4 dia. Ties 

dia. Spiral, 1 "pitch 

3—% dia Stirrups 

Freyssinet 
anchorage 

-4 — /# dia.strands 

-%"dia stirrup 

-2~12w/0.276"dia cables 

SECTION fl-a (Typ:Units 1 & 2) 

ELEVATION of ANCHOR BLOCK 
(UNITS 1 & 2 ) 

-4—0.200 dia. wires 

-8—%"dia. strands 

-%"dia. tie 

Ittlttttffl-fl-H-tt 
SECTION C-C 

4—0.200 dia. wires 

•2 — % dia. spirals 

8—%' dia. strands 

SECTION D-D 

Fig. 2 1 . Detai ls o f Uni ts 3 and 4 . 


