290

NOTATION

A
cC

= sectional

PREDICTION OF THE ULTIMATE LONGITUDINAL
COMPRESSIVE CONCRETE STRAIN AT HOOP FRACTURE
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o = sectiona; area ratio of
compression reinforcement to
concrete core

v = volumetric ratio of hoop
reinforcement to concrete core

vt = sectional area ratio of
longitudinal reinforcement to

gross column section

INTRODUCTION

When a reinforced concrete column well
confined by hoop reinforcement is loaded to
failure, fracture of the hoop reinforcement
eventually occurs and results in a sudden
drop 1in load «carrying capacity of the
section due to a reduction in confinment of
the core concrete and a loss of buckling
restraint for the longitudinal bars. This

stage of failure signals the destruction of
the column. Hence hoop fracture should be
avoided within an expected range of column
deformation under any design load condition
especially such as the deformations imposed
by a severe earthquake. In order to
provide such a restriction to the column
deformation, a method for the prediction of
the available maximum deformation of the
column section limited by the occurrence of
hoop fracture is required. The available
maximum deformation of a column section
could be expressed in terms of an ultimate
longitudinal compressive strain of the core
concrete at an associated curvature.

Mander et al [1,2,3] have proposed a theory
for the prediction of the ultimate
longitudinal compressive concrete strain at
the stage of first hoop fracture referred
to as the "Energy Balance Theory". The
ultimate longitudinal compressive concrete
strain at first hoop fracture predicted by
this theory agreed well with most of the
accompanied test rseults [1]. However, the
theory as presented by Mander et al is
simplified and may not always give an
adequate estimation of the ultimte concrete
strain at first hoop fracture for the
following two reasons.

Firstly, in the main energy equation used
in the theory, the relation between the
strain energy stored or Jdissipated in the
core and cover concrete, longitudinal bars
and hoops was simplified by neglecting
several energy factors which might not be
negligible. For example, the treatment of
the strain energy absorbed in the

longitudinal bars seems to be inadequate,
especially when buckling of the
longitudinal bars commences at large axial
strain.

Secondly, the strain energy stored in the
hoops prior to first hoop fracture could be
overestimated by about 20 to 40% or more if
the value proposed, based on tensile tests
on steel bars, was used. The value
proposed for the strain energy stored in
the hoops prior to first hoop fracture was
determined by assuming that all regionsof

the hoop (that 1is, the whole length of
hoop) reached the fracture strain at the
same time. It 1is more reasonable to

consider that at first hoop fracture the
strains in the all parts of the hoop bar
except the small length which necks and
fractures will be same or less than the

strain at ultimate strength of the hoop bar
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which is usually 20 to 40% less than the
fracture strain of the hoop bar.

This probable overestimation of the strain
energy stored in the hoops prior to first

hoop fracture appears to have compensated
for the omission of the abscrbed energy in
the longitudinal bars when the theory was
applied by Mander et al to test results.
However, a significant error in the
estimation of the wultimate longitudinal
compressive concrete strain at first hoop
fracture can possibly be made in the case
of a column with a combination of a large
amount of 1longitudinal bars and a small
amount of hoop reinforcement or in case of
a column which has a large strain gradient
in the section caused by bending.

In this paper, after discussing in more
detail the problems in the energy balance
theory proposed by Mander et al, a modified
theory for the prediction of the ultimate
longitudinal compressive concrete strain at
which first hoop fracture occurs is
proposed using a simple failure model of a
reinforced concrete column under axial
compression load.

THE _ENERGY BALANCE
MANDER ET AL

THEORY PROPOSED BY

The Basis of the Theory by Mander et al

Many experimental studies have demonstrated
that the compressive strength and ductility
of the core concrete in a reinforced
concrete wmember can be enhanced using
closely spaced - transverse confining
reinforcement in the form of spirals or
hoops with or without <cross ties. . As an
example, stress-strain relations obtained
from compression tests on three sets of
circular columns with spirals tested by
Iyenger et al [4] are shown in Fig.1l.
Schematic stress-strain curves of confined
and unconfined concrete can be represented
by Fig.2 [1,2,31. The area under each
curve represents the total strain energy
per unit volume required to 'fail' the
concrete and the shaded area indicates the
increase in strain energy to failure
resulting from confinement. Here the
failure of the confined concrete is defined
as the stage of first hoop fracture.

In the energy balance theory proposed by
Mander et al [1,2,3], it was assumed that
the ultimate strain energy capacity of the
transverse confining reinforcement per unit
volume of concrete core (U_.) could be
equated to the difference in area between
the confined (U_ ) and unconfined (U_ )
stress-strain curvVés (that 1is, the shad8a
area in Fig.2) plus the stored strain
energy in the compressed longitudinal
reinforcement per unit volume of concrete
core (USC). This was expressed in the form

%hz(um-'%o)+ux 1)

The Strain Energy Absorbed by the
Longitudinal Reinforcement

It is evident that the assumption of the
energy balance theory expressed in the form
of Eg.l1 1is not always adequate. For

example, the use of Eg.l1 <can result in a
large error in case of a column which has a
large amount of longitudinal reinforcement
compared with the amount of transverse
confining reinforcement, as can be
demonstrated by the following check. If
transverse confining reinforcement is not
provided, then U = 0 which from Eq.1l

means that sh

Usc = Uco . Ucc 2)
But for this case Uo ~ Yo is equal to
zero 1if there is R0 cogfinement, or
U - U is less than zero 1f some

effect by the longitudinal
and hence

CQ. . _.CC
confining
reinforcement can be expected,

US < 0. However, USc can be neither zero
nor negative since the longitudinal
reinforcement is acting as compression
reinforcement. Hence, Eg.l1 yields a

contradiction in this case.

A further check for Eg.l can be conducted
as follows. The theory indicates that Eq.1l
can be rewritten for per unit volume of
concrete core 1in terms of strains and
stresses as

" sf lccu
0 £ de = f de
s o sh™ sh 0 ce ¢

sp

cu
- f de +p f _de (3)
0 co ¢ ce o sl ¢

or for per unit length of the column as

st cu
Accps 0 fshdésh = Acc 0 fccdtc

sp cu
- A f de + A p £ .de (4)
cc co ¢C ccce sl e
0 0
where Acc = sectional area of concrete core
measured to centre of
peripheral spiral or hoop
fcc = compressive stress in confined
concrete
f_, = compressive stress in
e unconfined concrete
fSh = tensile stress in hoop
reinforcement
f = compressive stress in
sl . . :
longitudinal reinforcement
e = compressive strain in confined
and unconfined concrete
fou = }ongitudinal compressive strain
in core concrete at first hoop
fracture
‘sh = tensile strain in hoop
reinforcement
Cof = tensile fracture strain of hoop
steel
Esp = compre;sive strain at which
unconfined concrete 1is assumed
to have completely spalled
Pec = sectional area ratio of
compression reinforcement to
concrete core
pe = volumetric ratio of hoop

reinforcement to concrete core.
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Note that for the calculation of U in the
last term in Egs.3 and 4, de as used
instead of d¢_ where ¢ _ = axial coOmpressive
strain in the® 1ongitd%inal bars. However
the axial strain of the concrete core will
only be equal to the axial strain in the
longitudinal bars before buckling of the
longitudinal bars occurs and provided that
there is no bond slip of the longitudinal
bars. Once buckling of the longitudinal
bars has commenced the strain ¢ _ should be
expressed as the sum of the axial
compressive strain of the longitudinal bars
¢ _and an apparent strain due to the axial
shortening of the longitudinal bars induced
by the bar buckling e'S. This can be
expressed in the form

e =¢ _+ €’ (5)

The buckled condition of a longitudinal bar
may be modelled as shown in Fig.3. The
total axial displacement AT can be
separated into the displacement due to the
axial compression AA and the displacement
due to the buckling AB. ¢ , ¢_and ¢"'_ in
Eq.5 correspond to Am/l,c AA?l and %B/l
respectively, where 1 is the initial length
of the bar before lcading. The energy
relation between the external work done by
the axial force P and the corresponding
strain energy in %e longitudinal bar and
the hoop reinforcement can be written in
the form

PSIM = PSIAA + PslAB
s 1 2
E I 2
-l | £ de_ kb [d—% ] dx
0 0 dax
+ T, d§ (6)
0 h
where AS = sectional area of a
longitudinal bar
Eb = tangent modulus of a
longitudinal bar in the
inelastic range
Ib = moment of inertia of
longitudinal bar cross section
T, = lateral restraining force due
to hoop reinforcement
5 = lateral deflection of a
longitudinal bar at hoop
5 gosition
d%y/dx
= curvature of a longitudinal bar
g = axial strain due to stress

fs1 = Ps1/Bs

In this paper only inelastic buckling of a
longitudinal bar is considered because the
spacing of the hoop sets is normally close
enough to prevent elastic buckling as
specified in the New Zealand design code
for reinforced concrete structures ([5].
Hence, in Eq.6, the first term in the
square parentheses expresses the strain
energy stored in a longitudinal bar due to
bending during inelastic buckling using
tangent modulus theory [6], while other
theories of inelastic buckling [7,8,9]
might give more accurate estimation.
However, which theory 1is the most suitable

is not so important here because the
magnitude of the strain energy of that term
is found to be considerably smaller than
other terms in Eg.6 due to small bending
stiffness of the 1longitudinal bar in the
inelastic range and thus that term may be
neglected.

Now, reconsider the meaning of Eg.4 here.
Rearranging Eq.4,

=A o f dec + A f ode (7)

The left hand side of the equation is
almost equivalent to the external work done
on an axially loaded column per unit length
(Ug). To be more precise, the external

work per unit length of the column U_ can
be expressed in the form el

u =U_ +1U + U
g ce sc cov
cu cu
= A f de + A »p f .de
cc ce ¢ cc ce sl
0 0
sp
+ A f  de (8)
cov co ¢
10
where U = strain energy absorbed in cover
cov .
concrete prior to complete
spalling
Acovz sectional area of concrete
cover

Note that all the integrations are
against dsc.

The energy absorbed by the cover concrete
U is usually only a small fraction of
coy :
U~ "Decause cover concrete area is usually
mdch smaller than the core concrete area
and the strain at spalling is also smaller
than the ultimate concete core strain (see
U o in Table 2). Therefore, U_ can be
approximated by the terms on the 19£t hand
side of Eq.7. The meaning of Eg.8 can be
reconfirmed by recalling the typical
procedure wused to determine the stress-
strain relation of confined concrete from a
concentric loading test on a reinforced

concrete column. As the first step, a
total load versus axial strain relation,
Curve (A) in Fig.4, 1is obtained from the

measurement of the machine load and
corresponding axial displacement within the
gauge length. Secondly, the axial load
sustained by the longitudinal bars at each
corresponding axial strain is estimated
using a stress-strain relation obtained
from tensile or compression tests on the
identical bars. The curve (B) in Fig.4
indicates the case where the reduction of
the axial stress 1in the longitudinal bars
due to buckling is negligible. Thirdly,
the axial 1load sustained by the cover
concrete, curve (C), 1is estimated from the
stress~strain relation obtained from



concrete
Finally,

compression tests on plain
specimens or control cylinders.
the axial load sustained by the core
concrete (Pc ) can be determined by
subtracting fhe 1loads sustained by the
longitudinal bars (Psl) and the cover

concrete (Pc v) from the total load
(Ptota ). Pe stress in the confined
concre%e can be found by dividing P by

A and then the stress-strain curgg of

confined concrete can be drawn as shown in

Fig.2. Therefore, the external work done
by the loading machine for a unit length of
the column can be expressed in the form

cu cu
U = P de = P de
g 0 total ¢ o ¢ ¢

cu sp
+ Psldc e * PCOVd( o %)
0 0

Eg.9 is identical with Eg.8.

Hence, it can be considered that the left
hand side in Eq.7 1is almost equivalent to
the external work done on the column. Now
some part of the external work done on the
column by the loading machine should be
transferred to the longitudinal bars.
However, a term with the strain energy
directly related to the longitudinal bars
can not be found in the right hand side of
Eq.7. Therefore, to ensure that the terms
on the right hand side of Eqg.7 are
adequate, all of the external work done on
the longitudinal bars needs to be
transferred to the hoop reinforcement. 1In
this case, in Eq. 6, this requires that

s E I 2.
A1l | f .de =0and | 22 4¥ g0 0
s sl 2 dX2
0 0

To satisfy the above conditions, it would
be necessary to assume that the buckling of
the 1longitudinal bar occurs from the
beginning of the loading, t*that the axial
stiffness of the longitudinal bars is
infinitively large and that the
longitudinal bars have hinges free to
rotate. This assumption can be modelled as
shown in Fig.5. However, it is unrealistic
to apply this model to the column
reinforcement from the early stage of
loading where the longitudinal bars have
neither yeilded nor buckled. As a matter
of course, this model can only be adequate
from a certain stage of loading where the
longitudinal bars have been compressed far
into the plastic range and their bending
stiffness has become negligibly small due
to axial yielding.

On the other hand, if the axial force P_.
reduces to zero due to serious buckling tRd
elastic enerqgy released from the
longitudinal bars U_. (which is represented
by the shaded aréa in Fig.6) might be
transferred to the hoop reinforcement.
However, this elastic energy U may be
negligibly small compared with %he total
strain energy absorbed in the longitudinal
bars in the case where the hoop spacing and
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the amount of hoops are adequate to achieve
sufficient ductility for a column during
severe earthquake loading. For example,
such serious buckling can be expected only
at very high axial compressive strain in
the case of a column designed by the New
Zealand concrete code (5] which is based on
ductile design philosophy. Hence, it might
be unnecessary to take 1into account this
factor in Eq.6 for a ductile column.

From the considerations described above, it
can be predicted that Eg.l may not be
adequate except for a concrete column in
which the strain energy stored in the
longitudinal bars is guite small compared
with the strain energy stored in the core
concrete and in the hoop reinforcement.

The Strain Energy Capacity of the
Transverse Reinforcement

Another problem exists in the term
involving the strain energy capacity of the
hoop reinforcement (Ush) in Egs.3 and 4.
In the theory proposed” by Mander et al it

was recommended that

st A
£, de = 110 MJ/m™ (10)

0 sh™ sh

be used to determine US . This value of
Eg.10 was based on severa? tensile tests on
reinforcing steel bars [1,2]. Note that
the integration range in Eq.10 is from zero
to the hoop fracture strain -__.. Usually,
the measurement of fracture “sStrain of a
steel bar ¢ is significantly affected by
the gauge l%ggth used in the tensile test.
The strain distribution along the bar axis
at the bar fracture can be represented as
in Fig.7. It is evident that large strains
concentrate over a small length of necked
bar at the fracture. The fracture strain
calculated from the elongation between
points A and B, which includes the necking
part of the bar, 1is the average strain
between those points. The corresonding
stress-strain curves can be expressed as
shown in Fig.8. The curves (1) and (2) are
the stress~strain relations with a small
and a large gauge length AB, respectively.
If the necking part is not in the gauge
length, that is for example the strain is
measured between points B and C, the

stress-strain relation will follow
curve (3) after reaching the ultimate
stress £ . Hence, the calculated strain

energy capacity of the steel bar up to the
hoop fracture, which corresponds to the
area between the stress-strain curve and
the strain axis, depends on the gauge

length. For example, in tests conducted by
Tanaka [10] the calculated value ofaEq.lo
was found to vary from about 150 MJ/m~ with
gauge length of 5 d 3 (where d,_ = bar
diameter) to 110 MJPm with gauge Eength of
20 d, and to 100 to 70 MJI/m” for larger
gaugg lgngths. The last values of 100 to
70 MJ/m~ were estimated using the relation,
the strain energy stored at ultimate
strength of steel per unit volume of
reinforcement

su
= . fshdeSh (11)
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where ¢ = strain at the ultimate tensile
strengtﬁuof steel (see Fig.8), instead of
Eg.10. The details of these tests are
described in the following section. Hence,
the gauge length used in the measurement of
strain needs to be properly chosen for the
estimation of the strain energy capacity of
the hoop reinforcement U _, . For example,
if circular spirals with f% mm bar diameter
are provided in a column with a concrete
core diameter of 1 m, the total length of
the spiral in one turn of the spiral is
about 200 times the spiral bar diameter.
In this case, for the strain energy
capacity of the spiral ;at first spiral
fracture, 70 to 100 MJ/m"~ calculated from
Eq.11 will giv a better estimation than
110 to 150 MJ/m” calculated from Eg.10.

Moreover, the strain distribution of the
spirals or hoops along the column axis also
needs to be taken into account for the
estimation of the U This is because the
corresponding straifl energy stored in the
core concrete has to be calculated from a
theoretical or a measured stress-strain
relation of confined concrete over a
defined gauge length. That is, the
longitudinal concrete strain is an average
strain within the gauge length used for the
concrete strain definition or measurement.
Hence, the calculated strain energy of the
concrete core does not usually Jjust
correspond to the strain energy stored in
the damaged region concentrated within one
hoop spacing at which the first hoop
fracture occurs. The longitudinal concrete
strain used 1in the stress-strain relation
might mean an average strain within a
plastic hinge region of the column over a
length of one-third to a full section depth
of the column. Therefore, if the buckled
shape of the longitudinal bar is
represented as in Fig.9, the average strain
of the hoops within the above mentioned
length of the column needs to be used for
the estimation of the strain energy stored
in the hoops. As a result, the value of
USh needs to be modified again based on the
buckled shape expected.

If buckling over more than two hoop spacing
is not expected prior to the hoop fracture,
the value of U obtained from Eg.ll can be
used without %grther modificaiton because
the hoop strains distributed along the
coulmn axis will be almost constant.
However, if buckling 1is limited within one
hoop spacing, the external work done on the
longitudinal bars may hardly be transferred
to the hoop reinforcement because such
buckling condition corresponds to the case
without a tie bar representing hoops in
Fig.5 and thus the last term in Eg.6 must
be eliminated. 1In this case, the proposed
equations (Egs.1,3 and 4) lose their
validity because those equations are based
on the assumption that the external work
done on the longitudinal bars is all
transferred to the hoop reinforcement.

As a corrollary, it can be consider=d fthat
the stored energy in the hoopr reinforcement
at first hoop fracture could be
overestimated by 20 to 40% or more if Eq.10
is used. In Egs.1, 3 and 4, this
overestimation may successfully compensate
for the neglect of the absorbed energy in
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the longitudinal bars due to axial yielding
in some cases but not always. Therefore,
it can be considered that the equations
proposed in the energy balance theory need
to be modified or to be limited in their
use.

A PROPOSED ENERGY PRINCIPLE MODEL FOR A
REINFORCED CONCRETE COLUMN _SUBJECTED TO
AXTAL COMPRESSION

Observed Failure Mechanism for Concrete in
Compression

In a conservative system of energy, such as
the elastic behaviour of a member, the work
performed by both internal and external
forces is independent of the path travelled
by these forces and hence the work can be
determined only from the initial and the
final positions of these forces. However,
in the case of 1inelastic behaviour of a
reinforced concrete member, the system is
usually non-conservative because there
exists internal frictions due to inelastic
deformation of each constituent which
includes cracking. Therefore the failure
mechanism of the member, determined by the
path of internal forces, becomes the key to
estimate the internal work performed. In
this study, the following failure mechanism
is assumed for a reinforced concrete column
under axial compression.

When a reinforced concrete column is
compressed far into the inelastic range by
an axial load, it can be assumed that shear
sliding surfaces are formed 1inside the core
concrete with <the propagation of micro
cracks [11)], as illustrated in Fig.10. The
shear sliding surfaces are either of a type
A or a type B. Shear sliding surfaces of
type A separate the concrete core into top
and bottom cones (in case of a circular
column) or pyramids (in case of a square
column) and side shells. Shear sliding
surfaces of type B separate the concrete
core into two wedge shaped parts. This
assumption is based on the failure modes
usually observed 1in compression tests on
circular or sguare columns. Figures 11 and
12 [10] show typical examples of the
failure modes observed in such column tests
[12]. In Fig.12, the two protruding bars
which were provided to mount potentiometers
passed through the concrete core and were
originally straight bars. During testing
the top and bottom bars began to bend
upward and downward, respectively, as the
axial compressive displacement of the
square concrete columrn increased. This
phenomenon would be the result of the
wedging action of the top and bottom
concrete pyramids as 1illustated in Fig.10,
type A.

Proposed Failure Mechanism Model

Based on this failure mechanism, the
assumed role and behaviour of each concrete
and steel constituent can be described and
the proposed failure mechanism model for a
reinforced concrete column subjected to
axial loading shown in Fig.13 can be
developed.

The assumed role and behaviour of each
constituent, with reference to Fig.13, is
as follows:
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(1) Cover concrete: Works as 3 compression
strut (spring k ) against the axial
load until spalf?gg is completed and
thereafter vanishes.

(2) Core concrete: In the 1initial stage,
works as a compression strut (spring
kK ) in the same manner as the cover
coricrete, until the complete formation
of the shear sliding surfaces, and some
percentage of the external work is
transferred to hoops by Poisson's
effect as represented by a pantograph
in Fig.13(a). The angle +¢ in the
pantograph corresponds to the Poisson's
ratio of the concrete treated as a unit
solid material. It is assumed that the
second stage commences with the
complete formation of the shear sliding
surfaces which is simultaneous with the
complete spalling of cover concrete.
After formation, the shear sliding
surfaces act as a transformer which
changes the axial 1load into lateral
load by the wedging effect of the top
and bottom cones in the case of type A,
or wedge shaped lumps in the case of
type B, shear sliding surfaces of
Fig.10. Hence, the angle #6' of the
pantograph in Fig.13(b) can be
determined from the inclination of the
shear sliding surfaces. The friction
between the shear sliding surfaces
(spring k f) also provides resistance
against tf&taxial load.

(3) Longitudinal reinforcement: In the
initial stage, works as a compression
strut (spring k__) against the axial
load. In the £tinal stage, after the
onset of buckling, works as a
pantograph which can transfer the axial
load work to the hoop reinforcement by
changing the load direction from axial
direction to 1lateral direction. The
angle 6" in Fig.13(c) can be determined
from the buckling mode of the
longitudinal bars.

(4) Hoop reinforcement: In the initial
stage, works as lateral confinement
which provides quasi-fluid pressure to
the core concrete. In the second
stage, after the formation of the shear
sliding surfaces in the core concrete,
works as hoops to prevent sliding of
the top and bottom cones or the wedge
shaped lumps until buckling of the
longitudinal bars commences. In the
final stage, works as anti-buckling
support until the hoop fracture.

In the proposed failure mechanism model of
Fig.13, in the initial stage where the core
concrete can be treated as a unit scolid
body the improvement of the load carrying
capacity of the confined concrete 1is
attributed to the lateral pressure from the
hoop reinforcement as a result of lateral
expansion of the core concrete due to
Poisson's effect. On the other hand, in
the high strain region in the second stage
after the formation of the shear sliding
surfaces, the improvement of the 1load
carrying capacity is attributed to the
restraint against the shear sliding along
the surfaces between the core concrete
parts separated by cracks shown in Fig.10.
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It is of interest that the angles 4, #' and
" in Fig.13 need not be determined in
order to calculate the longitudinal
concrete strain at first hoop fracture.
This is because only the strain energy
capacity of the hoop reinforcement up to
its fracture is required to be determined
for this case. Only when the stress-strain

relation of the confined concrete needs to
be computed step by step, it is necessary
to determine the angles 4, 4' and ¢".

In Fig.13, the initial gap 1 ¢ between
the spring kccf and the logdggg plate
corresponds to& the axial displacement
necessary to complete the spalling of cover
concrete and to form the shear sliding
surfaces. At the initial stage of loading,
the rigid bar connector beside the spring
ks has a gap of 1 €g and the pantograph
b&%ow the spring k 9 2an not be deformed
due to the restraint® by the inserted rigid
bar. This model for the longitudinal bars
represents the situation expressed in Egs.5
and 6 but neglecting the bending resistance
of the longitudinal bars.

Enerqy Equation for the Proposed Failure

Mechanism Model

Based on this failure mechanism model, the
external work done on the column per unit
length U_ can be equated to the following
internal”work.

U =10 +U +U + U + aU’S (12)

g cov co cef scr h
where UCOV = strain energy absorbed in
cover concrete prior to
complete spalling
Uco = strain energy absorbed in core

concrete prior to complete

formation of shear sliding

surfaces

UCcf = enerqgy dissipated by friction
between the shear sliding
surfaces in the concrete core
prior to first hoop fracture

U = strain energy absorbed in

scr : .

compression reinforcement due
to axial yielding

U'Sh = strain energy stored in hoop
reinforcement at first hoop
fracture in the case where the
longitudinal bars are not
buckled or are buckled within
one hoop spacing

o = reduction factor for U'Sh

determined from the hoodp

strain distribution along the

column axis.

Equation 12 can be equated to the external
work expressed by Eg.8 and hence,

U + U + U =U + U + U
cc sc cov cov co cef

’
+ Uscr + al sh (13)

Rearranging this equation,

- - N 9 - -
Ucc Ueo = Uccf + ol sh (Usc Uscr) 14
UScr may be expressed in the form of
User = Vsc
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where B = ratio of strain energy
absorbed 1in the longitudinal
bars by axial yielding to the
external work done on the
longitudinal bars.

Substituting it into Eq.14,

u -U =10

ce co cef ¥ W - (I -5 Uy 13

Equation 15 can be rewritten for a unit

length of the column in the form of
stresses and strains as

cu
- - B)pccAcc 0 fsldec 16)

or for unit volume of the columns,

cu sp cu
f de - f de = fccfdeC
o ¢c ¢ o co ¢ .

sp

€ s
su cu
+ apg ]; fshdésh - (1 f B) P e JO fsldsc (17)

where fCcf = axial stress component in core
concrete due to friction
between shear sliding
surfaces.

Using theoretical relations for fcc’ f_ .,
fCcf and £ 1 as functions St ERe
longitudinal sBfain of the concrete core,
and with adequate values of ¢__, «, B and
U , Eg.l17 can be solved Br € cu by
numerical trial and error methods.

Values of the Terms _in the Proposed Enerqy

Equation

Many theoretical curves for f__, fCn and

£ have aleady been established;  for

eXample see Refs.l1 and 14. Concerning
ccE! the following relation can be
assamed:
_ 9
fccf = 7f co (18
where « = constant determined by

magnitude of friction between
the shear sliding surfaces in
the concrete core.

f'co = compressive strength of plain
concrete assumed toc be 85% of
the control cylinder strength.

Equation 18 is derived from the observation
of compression tests on plain concrete
cylinders or prisms. In the tests, the
stress reduction in the strain softening
region becomes gradual after reaching a
longitudinal strain of 0.004 to 0.006 and

thereafter a stress level of 0.1 to 0.2f'
is maintained [11,14]. This stress lev&?
can be considered to indicate the potential
magnitude of the friction between the shear
sliding surfaces formed in the confined
concrete core.

As a value of Sy 0.004 to 0.008 may be
adequate. The ad®ual value will depend on
the strain gradient of the column section
and on the quantity of transverse
reinforcement. If there exists a large
strain gradient (that 1is, a small neutral
axis depth) the complete spalling of cover
concrete is usually delayed due to a
restraint by neighbouring concrete layers
which stay at a smaller strain r13,14]. It
has also been observed that a high guantity
of transverse reinforcement results in a
plane of weakness between core and cover

concretes which results in a lower .
[147]. For reinforced concrete colum
subjected to concentric axial compression,

a value for « of 0.004 may be assumed
because of absehce of the strain gradient
in the column section. For the reinforced
concrete columns subjected to combined
axial ioad and bending moment, a value for
‘g of 0.006 or more may be adequate if the
transverse reinforcement provided in the
columns is not extremely congested, as has
been found appropriate 1in a previous study
[15].

The value of o varies with the expected
buckling mode of the longitudinal bars.
The buckling mode can pe expressed as a
combination of the modes of a gross
buckling and a local buckling as shown in
Fig.14. If the expected local buckling is
limited to within one hoop spacing without
occurrence of the gross buckling o = 1 may
be adopted because the hoop strain
distribution along the column length will
be approximately constant. In the case of
a column with the gross buckling of
longitudinal reinforcement as shown in
Fig.9, a can be calculated as follows. If
the core diameter of <c¢olumn 1is dc, the

total height of column is 3d_ and the gauge

length of the concrete” «core strain
measurement is d _, the gross buckled shape
of the longitudinal bars may be
approximated by a sinusoidal curve
expressed by the following equation.
a | 2Tx
y=75 t‘l - cos 34~ ] (19)
c
where a = the maximum lateral
displacement of the
longitudinal bar at the mid-
height of the column
3d = the height of the column (see
¢ Fig.14(a))
In Eq.19 it 1is assumed that the lateral

expansion of the column at each end is
negligible because even spalling of cover
concrete cannot usually be observed in the
end portions of the column, due to the
effects of friction between the loading
plate and the contact surface of the
concrete at each end of the column. The
average lateral displacement within the
gauge length 1 of d in the middle third
of the column @an be éxpressed in the form
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2d

1 ‘a 2TX
Vave = @ 5 [ 1 - cos 357 ] dx = 0.91a (20)

c Jd c

e .

Hence, in this case =z = 0.9 nmight be an
adequate value. If the 1local buckling
occurs over several hoop spacings in

addition to the above gross buckling, the
value of o needs to be reduced to a value
which is less than 0.9. If the local
buckling in addition to the above gross
buckling does not occur or is limited
within one hoop spacing, the value of «
need not be reduced from 0.9.

The value of f§ which express the ratio of
strain energy absorbed in the compression
reinforcement by axial yielding to external
work done on the compression reinforcement
is not so simple to calculate
theoretically, because it depends on
several factors such as the hoop spacing,
the stiffness of the hoop reinforcment
against the longitudinal bar buckling, the
bending stiffness of the longitudinal bar
in plastic buckling, and so on. However,
the value of 3 could be approximated using

Fig.15 from Ref.16, which shows the
theoretical buckling strain of a
longitudinal bar ¢_~, in relation to the

hoop spacing assu%ing that the buckling
occurs only within one hoop spacing. It is
evident that Fig.15 gives an upper bound
for the compression strain at buckling
because of the buckling mode assumed.

Using this ¢
in the form

T value, f may be approximated

8 = (21)

If Eg.21 is wused with value of « T from
Fig.15, a check might be necessary to
determine whether the error in # due to
overestimation of « is negligible or not
taking into account the expected buckling
mode of the longitudinal reinforcement.
However, the error in the value of 3
usually does not affect the accuracy of the
prediction of ¢ cu greatly because the total
energy stored iR~ the longitudinal bars is
less than a half of the strain energy
stored in a well confined concrete core
even for high compression reinforcement
ratios of about 3% (see Ur_,C and USC in
Table 2). -

Several tensile tests on reinforcing steel
bars have been conducted with strain
measurement using various gauge lengths
[10] in order to estimate the values of
Egs.10 and 11 which are used to calculate
U in the energy balance theory and U'

iR the proposed theory, respectively. The
test results are listed with the results of
other researchers [1,16] in Table 1. As
mentioned in the previous section, the
measured strains vary significantly with
the change of the gauge length adopted in
the particular test and thus the
corresponding strain energies calculated
from those measured strains also vary. It
is suggested that for +he value of Eqg.ll

which is used to calculate U' the average
of values obtained by the Tauthor's test
[10] and by Mander et al (1] which are
given in Table 1 could be used, namely in
this case:

The strain energy stored at ultimate
strength of steel pgr unit volume of
reinforcement = 84 MJ/m

Comparison of the Predictions of the
Proposed Theory with the Results of Tests

In order to assess the accuracy of the
theory proposed here, the predictions of
the theory were compared with the test
results obtained from the monotonic axial
compression tests on circular columns with
core diameter of 450 mm and octagonal
columns with core diameter of 384 mm
conducted by Mander et al [1] and Zahn et
al [16], respectively. In those tests, the
concrete strengths measured on control
cylinders varied from 28 to 33 MPa. For
the spirals, as hoop reinforcement, 10 to
12 mm diameter plain bars from both 275 and
380 Grade steel were used. For the
longitudinal reinforcement, 16 to 24 mm
diameter deformed bars from Grade 275 steel
were used except for one column (C.12 in
Table 2) in which Grade 380 longitudinal
bars were used.

The stress-strain relations for the cover
and core concrete and the longitudinal
reinforecement assumed in the proposed
failure mechanism model are shown in
Fig.16. For the estimation of U the
following empirical equation was used:

UCO = ACC 0.017 Jf co RJ/m (22)

. 2 . .
where Acc in m~ and f co in MPa.

Eg.22 was obtained in the statistical study
by Mander et al [1,2,3]. For the value of
¢ _, because no serious strain gradient was
p%%sent in the section due to the
concentric loading, fep 0.004 was
assumed. A value of o« B 5.9 was used
because all of the tests columns had
similar ratios of the column diameter,
height and gauge length as that assumed in
the derivation of Eq.20. A value of
4 = 0.9 was estimated, because the ratios
of hoop spacing to the longitudinal bar
diameter (s/d, ) were less han 4 in most
test columns "and hence - obtained from
Fig.1l5 is close to or greater than «
measured in those tests. For U and U__,
the values directly obtained““from £He
measured load-axial strain relations were
used. Uccf was calculated assuming the
vy = 0.1 In  Eq.18. U'sh was calgulated
taking the value of Eq.117as 84 MJ/m

Cu
cc

The properties of eighteen concrete columns
tested at the University of Canterbury
[1,16] and the calculated results are
listed in Table 2.

In order to check the agreement of the
theoretical value with the experimental
value, the ratios of

e W (-8 U}
I - (23)
ag Uee = Ueo)
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Table 1. Measured Strain Energy Capacity of Reinforcing Bars

Yield |Ultimate|Strain at|Fracture Strain Energy Strain Energy
Study Reinforcing|Strength|Strength|Ultimate |Strength | Fracture Strain Calculated 3 Calculated 3
Bar in in Strength in by Eq.10 in MJ/m~ by Eq.11 in MI/m
MPa MPa GL =54d MPa GL = 5d,|GL = 204, |GL = 5d, |[GL = 20d GL = 5d
b b b b b b
HD24 432 588 0.169 415 0.289 0.199 151 107 91
Tanaka HD20 485 644 0.148 475 0.265 0.177 152 104 87
[10} (*1)
12 305 446 0.246 298 0.415 0.288 163 117 100
$10 308 431 0.250 288 0.420 0.293 161 117 100
Average 157 111 95
$16 295 433 0.19 - - 0.25 - 98 74
Mander et al HD16 360 567 0.15 - - 0.24 - 121 77
[1} (*2)
D20 286 429 0.18 - - 0.28 - 111 69
D24 260 567 0.18 - - 0.29 - 111 70
Average 110 73
Zahn et al ¢12 328 492 - - - 0.24 - 110 -
[16) (*3)
H$10 466 688 - - - 0.175 - 110 -
Average 110
(*1) The values for each bar are average values from 5 test pieces
(*2) Gauge length = 203 mm (= 8 -~ 13db)
(*3) Gauge length = 203 mm (= 17 ~ 20 db)
for the theory proposed in this paper and model used. It is evident from the
comparison in Table 2 that the ultimate
wo U - U concrete compressive strain at first hoop

1 Mo (24)
ag Uee = Vo) '

for the energy balance theory are listed in

Table 2. In Eqg.24, U_, was calculated using
Eg.1fl. The average percentage error given
by T is 12% with a maximum percentage
error oOf 33%, while those percentage errors
for I are 17% and 77% respectively. As

predic% d, in case of energy balance theory
which neglects the strain energy absorbed
by the axial yielding of longitudinal bars,

the largest error is found for test column
U.2 which has a small amount of hoop
reinforcement and a large amount of

longitudinal reinforcement.

results for the ultimate
defined as that
longitudinal compressive stain of concrete
where the hoops first fracture, using the
modified theory are alsc listed in Table 2.
In the calculation, a bilinear stress-
strain relation determined by the measured

The calculated
concrete strain,

yeild strength of steel was used for the
longitudinal reinforcement. For the
confined core concrete, the stress-strain
model due to Mander et al [1,2,3] was used,

The calculated ultimate concrete strains
compare quite well with the measured values
in most cases. However, it should be
noted that any stress-strain model for
confined concrete does not perfectly
predict the experimentai stress-strain
behaviour and hence these wcalculated
ultimate concrete strains include the error
due to any inaccuracy in the stress-strain

fracture can be well predicted using the
theory proposed in this study.

CONCLUSIONS

To estimate the ultimate concrete
compressive strain, defined as that strain
where first hoop fracture occurs, a
theoretical method using an energy
principle model was established in this
study. The basic 1idea of this method

originated from the theory
the enerqgy balance theory by Mander et al.
The following modifications to the energy
balance theory were carried out to obtain
the method proposed here:

referred to as

(1) In the energy balance theory, the
relationship between external work done
on a reinforced concrete column and the
corresponding 1internal work performed
is not completely stated. In the
proposed method, the above relationship
is clarified by introducing a failure
model for a rienforced concrete column
subject to axial compression load.

(2} The strain energy absorbed in the
iongitudinal reinforcement due to axial
compressive vyielding is taken 1into
account in the proposed wmethod. It is
neglected in the enerqgy balance theory.

(3) The energy dissipated by friction
between shear sliding surfaces formed

core 1is considered on
proposed failure model
method. This energy

in the concrete
the basis of a
in the proposed



Maximum Error

Table 2. Properties of Axially Loaded Reinforced Concrete Columns, Strain Energy Stored in Each Component
Per Unit Length and Longitudinal Concrete Strain at First Spiral Fracture.
Concrete Longitudinal amw=m<mnmm T
NMMM mnmw_“”m_mm_ mmm”ﬁmw“mamum MMw:MMMnmsmsm mm m\n mm: u U u u U u ay’ (1-8)u U I H I T € by |€e _ Heasured
in ¢ of 1% Spacing in i¥ b4 b 4 »Mn 3 mm< mm w.w Mm mmr in se mw ag ag qmmonw. nm: tests
MPa Bar HPa mm MPa KJ/m | KJ/m | KJ/m {KJ/m | KJ/m | KJ/m | KJ/m KJ/m Kl/m in % in X
C.a 30 12-D16| 290 R12-52 310} 2.00| 3.25 7 287 15 2 48 1 350 23 242 5 1 1.11 1 0.96 5.3 6.0
- C.b 31 12-D16| 310 R12-52 3401 2.001 3.25 7 205 15 3 31 350 14 242 3 1 1.6811.33 5.0 3.9
M. c.1 28 12-D16| 310 R12-41 340 2.50| 2.56 7 342 14 3 47 | 4371 20 302 5 1 1.19]0.97 5.8 5.8
m c.2 28 12-D16| 310 R12-69 340 1.50 | 4.31 6.5 221 14 3 46 | 2621 20 181 5 1 1.04 | 0.95 4.8 5.6
m c.3 28 12-D16| 310 R12-103 340 | 1.00 | 6.81 4 142 | 14 3 451 175| 20 121 5 1 1.02 | 1.06 4.3 5.5
Mm C.4 28 12-D16| 310 R12-119 320/ 0.60 7.43 3.5 91 14 3 26 | 105 12 72 3 1 1.03]1.05 3.9 3.5
.W, C.5 28 12-D16 | 310 R10-36 32012.0012.25 7 303 | 14 3 48 | 350 20 242 5 1 1.04]0.89 5.5 5.8
m‘ C.6 28 12-D16 | 310 R16-93 307 { 2.00{ 5.81 5 272 | 14 3 47 | 3501 20 242 5 1 1.17 [ 1.00 5.8 5.7
M c.? 31 8-D28| 300 R12-52 340 [ 2.00| 1.86 7 298| 15 3 120 | 350 | 24 242 12 3 0.81]0.90 4.9 6.0
‘m c.8 27 11-D24 | 250 R12-52 340 | 2.00 2.17 7 281 | 14 3 96 umo 20 242 10 2 0.95]0.94 5.1 5.7
M c.9 31 16-D20 | 260 R12-52 340 | 2.00 | 2.60 7 293 | 15 3 97 | 350 | 24 242 10 2 0.9110.92 4.8 6.0
.m. c.10 27 24-Dl6| 310 R12-52 340 12.00| 3.25 7 346 | 14 4 93| 350 | 20 242 9 2 0.77 10.76 5.3 5.8
c.12 31 24-HD1§ 380 R12-52 340 12.001|3.25 6 238 | 15 3 89 | 350 | 16 242 9 3 1.17 | 1.12 5.3 4.3
.m - u.1 31 16-D16 | 300 R12-135 328 | 0.91 | 8.43 2 72| 10 3 49 | 110 | 12 76 7 1 0.98 | 1.31 4.0 5.1
m W. u.2 31 16-D16 | 300 HR10-135 466 | 1.63 | 8.43 2 93| 10 3 56 751 16 52 9 1 0.2310.71 3.0 5.9
mm U.3 33 16-D16 | 300 | RI2-75 328 |1.63 | 4.69 | 6 129 11 | 3 S8 | 196 | 14 135 6 T | 1.17|1.21| 4.6 5.2
mm u.4 33 16-D16 | 300 HR10-75 466 [ 1.13 | 4.69 6 119 | 11 3 42 | 137 | 10 95 4 1 0.88 | 0.94 3.4 3.8
.m M u.6 29 16-D16 | 300 HR10-40 466 | 2.12 | 2.50 7 200 ] 10 2 65| 256 | 14 177 7 1 1.01 {0.98 4.5 5.2
lh. 3 w Error Average mNN MNN
Notes: o = 0.9, B = 0.9, sh = >on Ds 110 MJ/m™, :.mr = >on Py 84 MJ/m T




factor is not included

balance theory.

in the energy

(4) One of the key
prediction of the
hoop fracture is a proper estimate of
the strain energy stored in the hoop
reinforcement at the stage of hoop
fracture. 1In the energy balance theory
it was assumed that all parts of the
hoop reinforcement simultaneously
reached fracture strain when the first
hoop fracture occurred. In the
proposed method the strain energy
stored 1in the hoop reinforcement is
estimated using an assumed strain
distribution in the hoop reinforcement
where only the necking part of the hoop
bar reaches the fracture strain and the
strains in the remaining parts of the
hoop bar are equal to or less than the
strain at the ultimate strength of the
steel.

aspects in the
occurrence of the

The proposed method was applied to the
results of concentric load tests on 18
reinforced concrete columns conducted at
the University of Canterbury. The
theoretical values calculated by the
proposed method agreed well with the test
results. It is considered that the
proposed method can be wused to estimate
with reasonable accuracy the ultimate
longitudinal compressive concrete strain
defined as the strain at first hoop
fracture.

method only reinforced
concrete columns subjected to axial
compression are considered. Further study
to include different failure modes such as

In the proposed

due to combined axial 1load, flexure and

shear is recommended.
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