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SLIDING-VIBRATING RESPONSES OF ELASTIC STRUCTURES 

by Fu Yu-An* 

SUMl11\RY 

By using simulated friction forces, analytical expressions 
were derived from the sliding-vibrating response of a single degree 
of freedom system under harmonic excitation or the "disadvantageous 
period reciprocating motion", taking the mass of the sliding base 
into consideration. Some of the general laws were studied and some 
new characteristics determined which had previously been ignored by 
assuming rigid body motion. The analysis methods adopted in this 
paper have been confirmed in comparison with the results of model 
tests on a shake table. 

INTRODUCTION 

Many possible ways of safeguarding 
buildings and construction from earthquake 
disasters have been studied at different 
times. Recently, base-sliding isolation 
(BSI) measures have come to be used around 
the world even though more research is 
still needed to apply the technique in 
practice. Most of the research to date has 
has been based on an assumption of rigid 
body behaviour which has resticted our 
understanding of a structures sliding­
vibrating response (SSVR). 

During the 7th WCEE in 1980, Professor A.S. 
Arya of Roorkee University in India was the 
first to publish results of model tests on 
BSI based on an elastic body assumption. At 
the 8th WCEE in 1984, he advanced a 
numerical method for determining the 
sliding-vibrating response for a single 
degree of freedom system under earthquake 
excitation, taking the mass of the sliding 
base into consideration. In China, a 
similar numerical method was also developed 
in 1980. 

In general, numerical methods are 
expensive, take considerable computer time 
and make it difficult to determine general 
laws. In order to completely determine the 
mechanism of BSI and its significant 
parameters, it was necessary to develop 
suitable analytical methods to calculate 
the the sliding-vibrating response of 
elastic structures. 
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In this paper, simulated friction forces 
are used to derive the analytical 
expressions for the sliding-vibrating 
response of a single degree of freedom 
system under harmonic excitation or the 
"disadvantageous period reciprocating 
motion", taking the mass of the sliding 
base into consideration. The general laws 
were studied and some new characteristics 
determined. The analytical methods 
presented in this paper have confirmed by 
comparison with the results of model tests 
carried out on a shake table. 

EQUATION OF MOTION AND ITS PRIMARY ANALYSIS 

In general, in calculating the sliding­
vibrating resnonse of a single degree of 
freedom system, it is possible to neqlect 
the mass ~f sliding ba;e. However, ior the 
analyses to be described herein, the 
structure was idealised as a special two 
degree of freedom discrete mass model as 
shown in Fig. 1. 

for 

mli.il 

m/i2 

The differential equations of motion 
this structure 

+ c(u1 -u2 ) + 

+ c (u 2 - u1 J + 

are as follows: 

K(u1 - u 2) = 0 (1) 

K(u2 -u1 J = F(t) ( 2) 

the absolute displacement, 
velocity and acceleration 
of top mass m1 respect­
ively; 
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FIG. 1 CALCULATING SCHEME 

F(t) 

the absolute displacement, 
velocity and acceleration 
of top mass m2 respect­
ively; 

the shear force at the 
bottom of sliding base 

The shear force at the bottom of 
structure is just the friction force acting 
on the sliding face through which various 
vibration inputs control over SSVR. Accord­
ing to Coulomb's friction law, the friction 
force for dry friction follows the relation: 

where g: gravitational acceleration; 

µ: coefficient of friction, 

( 3) 

Adding equation (1) to (2) we obtain: 

(4) 

(5) 

This shows that the algebraic sum of all 
quantities of inertia acting on the structure 
is always less than or equal to the maximum 
friction force at the bottom of the base of 
the sliding-vibrating structure. 

If the structure acts as a rigid body, 
then ii1 = ii2 = ii, and by substituting into 
equation (5), we have: 

lu(tl I .::. gµ (6) 

This conclusion is borne out by the results 
of tests on rigid body sliding-vibrating 
responses. 

If the structure acts as an elastic 
body, taking no account of the mass of the 
sliding base, i.e. m2 = 0, then from equat­
ion (5) we have: 
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FIG. 2 FRICTION CURVE UNDER HARMONIC INPUT 

(7) 

Therefore, neglecting the effect of the mass 
of the sliding base upon the structure, the 
sliding-vibrating response of the single 
degree of freedom elastic system is the 
same as if it were a rigid body. 

Obviously, the rigid body is a special 
case of an elastic body. The structure 
without base mass is assumed only for its 
theoretical significance, which does not 
exist in practice. In order to analyse the 
SSVR exactly, it is necessary to take the 
mass of the sliding base into consideration 
as follows. 

CALCULATION OF SSVR UNDER HARMONIC 
EXCITATION 

Under the action of a harmonic wave, 
the friction time-history of SSVR in stable 
state is similar to a harmonic wave curve 
with the peaks cut off as shown in Fig. 2. 
To simplify the analysis, a trapezoid 
square wave was used to simulate this kind 
of friction time-history. Therefore the 
friction force curve under a harmonic 
excitation with a period, T, can be expressed 
by the wave shown in Fig. 3 and its Fourier 
series can be indicated in the form: 

SIN (no:).SIN 2nTnt 
- 4gµ I' F(t) -"""a:ir(ml +m2)L ____ n ___ _ 

n = 1,3,5 ... 

F(t) 

(m1+m2 )gu 

(8) 

0 ~---'.,a.a----,,-=..;.;;...----''r--_ .... 

FIG. 3 SIMULATION OF FRICTION CURVE (1) 
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Substituting equation (8) into (2), 
and introdgcing the differential operator 
D (where D = dn/dtn), after the operation 
and simplification of equation (1) and (2) 
we have: 
[ 4 3 2 m1m2D +C(m1 +m 2)D +K(m1 +m2)D Ju1 

4 SIN(na) SIN 2n;t 
(CD+K) ag: (m1 +m 2)I 2 - (9) 

n 
n = 1,3,5 ... 

Let D2 u 1 , the absolute acceleration 
ii1 of top mass m1, be a new variable unit 
and denote it by Y, then equation (9) can 
be rewritten as follows: 

ml + m2 C · ml + m2 K 
Y+--·- Y+--- Y 

m2 ml m2 ml 

m1 + m2 C SIN ( na) SIN 2nTlTt 
8gµ (---l I aT m2 m1 n 

n 1,3 ,5 ... 

m + m K SIN (na) SIN 2n;t 
+ 4gµ ( _1 __ 2l - I 2 (10J 

a11 m2 ml n 

n 1,3, 5 ••• 

The special solution of equation (10) 
is just the sliding-vibrating absolute 
acceleration response of the top mass in 
the stable state. 

Introduce 

C 2pi; (11) 
ml 

K 2 
( 12) 

ml 
p 

ml +m2 
M (13) 

m2 

where p the inherent circular frequency; 

the damping ratio of structure 
where base is fixed without slid­
ing. 

Then the special solution of equation 
(10) can be easily obtained: 

Y = iil = I (A. COS 2nT11t + B. SIN 2n;t) 

n = 1,3,5 ... 
where 

2 
A= -649µ11 MTl;pn . SIN(na) 

2 3 2 2 2 2 2 2 2 2 2 a ( 16M 11 T I; p n + (MT p - 4'IT n ) ) 

B = 

(14) 

(15) 

2 22222 2 22 22 4gµT SIN(na) (16M 1T I; p n + Mp (MT p -411 n ) ) 
2 2 2 2 2 2 2 2 2 2 2 2 a11n ( 16M 11 T I; p n + (MT p - 411 n ) ) 

(16) 

This is the analytical expression for SSVR 
in Fourier series form. a is a fundamental 
parameter whereby the shape of trapezoid 
square wave of friction can be obtained; 
it is related to the moment of sliding and 
can be found by the following equation: 

a= arc ( 17) 

where A input peak value of harmonic 
0 wave; 

B the dynamic amplification factor 
of structure with fixed base. 

1 ( 18) 

/(1-~)2+ (21;~)2 
p p 

where (JJ : the circular frequency of input 
vibration. 

Equations (14) to (18) can be used to 
calculate the SSVR in a stable state under 
various harmonic excitations. Of course, 
if the input is obtained without sliding, 
i.e. u1 (t)m x < gµ, we need not calculate 
the SSVR. in this case, the structure acts 
as if it had a fixed base and its vibration 
response can be calculated by the theory of 
dynamics of structures. 

CALCULATION OF SSVR UNDER DISADVANTAGEOUS 
PERIOD RECIPROCATING EXCITATION 

The so-called "disadvantageous period 
reciprocating input" is referred to as input 
where the period approaches that of the 
structure (resonance frequency) or whose 
peak value is correspondingly high. If this 
input is just a harmonic wave, we can, of 
course, solve it by the previous formulas. 
Since the input isn't always harmonic, it 
is necessary to develop a more general 
method to calculate the SSVR. 

Under the "disadvantageous period 
reciprocating motion", the base of structure 
appears to be in continuous reciprocation. 
In this case, the friction time-history 
can be simulated by a rectangular square 
wave (Fig. 4) and its Fourier series form 
can be expressed as follows: 

SIN 2n11t 

F(t) = 4~µ (ml +m2) l ~ (19) 

n=l,3,5 ... 

F(t} 

N= 1 N=3 

Tt 2rc wt 

'- i....-

N=2 

FIG. 4 SIMULATION OF FRICTION CURVE (2) 



Substituting equation (19) into (2), after 
operation as above mentioned, the formula 
which denotes the analytical result of the 
SSVR can be derived: 

u1 = I(A.COS 2n;t + B.SIN 2n;t) 

n = 1,3,5 ... 

where 

2 2 
A_ -64gµrr NT~pn 

- 16rr2M2T2~2p2n2 + (MT2p2- 4 TT2n2) 2 

(20) 

( 21) 

B - 4gµT2 (16M2TT2~2p2n2+ Mp2 (Mp2T2- 4rr2n2)) 

- rrn(l6rr 2M2T 2 ~2p 2n 2 + (MT 2p 2- 4rr 2n 2 ) 2 ) 
( 22) 

Formula (20) can be also derived by 
taking the limit formula (14) as a approaches 
zero. Obviously, a trapezoid square wave 
for the friction force curve will certainly 
approximate a rectangular square wave as a 

approaches zero. Therefore it is expected 
that the limiting result of formula (14) 
should be equal to formula (20). 

Similarly, the analytical expression 
for SSVR under the disadvantageous period 
reciprocation input will be derived by 
Duhamel integration instead of the Fourier 
series method in order to develop the 
general laws of SSVR. Here equations (1) 
and (2) can be rewritten as follows: 

(23) 

m262 (t) - C6(t) -Ko(t) = F(t) (24) 

From equations (23) and (24) we have: 

w~ere o(t), o(t), 8(t) are the relative 
displac~ment, velocity and acceleration 
respectively between top and base. 

Let 
2P~ 

2 p 

(26) 

(27) 

the solution of equation (25) can be given 
in a form of Duhamel integration: 

6 ( t) 1 

p~(t-T) ~----
/ m +m 

.SIN(h--1--2 
m2 

I m +m 2 
. - 1--p(t--r))d, 

m2 
( 28) 

The rectangular square wave curve can 
also be rewritten: 
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N-1 F(t)=(-1) (m1 +m2 )gµ 

for N-1 NT 
(-2- T ~ t < 2) (29) 

where T period of square wave; 

N wave block number (N=l,2,3 ... ) 

(30) 

a (31) 

Substituting equations (29)to(31) into 
(28), after operations of integration and 
sorting and merging, the sliding-vibrating 
relative displacement response of the top 
mass can be derived as: 

o(t) =- gµ [1-e-at_ - 1- cos(nt-E)] 
2 COSE 

and 

6 ( t) 

p 

for 

gµ { (-l) N-1_ 
2 

p 

( 0 < t < '.!'.) 
2 

-at e 
COSE cos (nt-E) 

+ 2 Nil (-1) i-1. e-a(t - ill 

i=l 

1 cos COSE 
"T 

[ n ( t - 1
2 ) - E ] } 

for 
N-1 NT 
(-2- T ~ t < 2 , N > 1) 

. ml+ m2 where Ii 
COSE= 1 - m2 

=/ml+ m2 
sinE 

m2 

2 

(32) 

(33) 

( 34 l 

( 35) 

The general solution for the absolute 
acceleration response of the top mass can 
be finally derived as: 

-at 
iil(t) =gµ{(-l)N-l+ ~OSE cos(nt-E-E') 

where 

N-1 . 
- 2 l (-l)i-1 

i=l 

iT 
e-a(t -2) 

COSE 

. Cos [n(t iJJ - E - E')]} 

COSE' 2a~ - 1 
p 

sinE' 2n~ 
p 

(36) 

( 37) 

( 38) 

Formula (36) is the analytical express­
ion for SSVR from the Duhamel integration . 
Its value equals to that given by formula 
(20) using Fourier series. 
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VERIFICATION THROUGH TESTS 

In this paper, when calculating SSVR, 
a friction simulation was adopted as input 
stead of the excitation wave itself; this 
made it possible to calculate SSVR by an 
analytical method. How about this treatment? 
Is it reliable? It must be verified through 
tests. Model tests of SSVR were carried out 
on a shake table which was an electro­
magnetic type with 300 kg thrust. The 
specimen was made of four pieces of sm~l~ 
angle iron, a steel top block and a sliding 
base of graphite plates. The.scheme of the 
test is shown in Fig. 5 and the parameters 
of the specimen are listed in Table 1. 

TABLE 1 
p (Hz) \J 

29. 5 1. 75 0.05 0.20 

Results 

FIG. 5 SCHEME OF TEST 

During the tests, the shaking used was 
of a steady-state sinusoidal type with a 
peak value of 200 gal and a period of 0.143 
sec which was equal to the natural period 
of the specimen. In this case, a continual 
reciprocating sliding took place at the 
base. The acceleration time-history 
measured at the top mass of the specimen 
is shown in Fig. 6a. 

The analytical result of the SSVR for 
this specimen can be calculated in forms 
of either harmonic wave input or disadvant­
ageous period reciprocating input. Program­
ming formula (14) for the trapezoid 
Fourier method (TFM}, formula (20) for the 
rectangular Fourier method (RFM) and 
formula (36) for the rectangular Duha;nel 
method (RDM) into the computer programmes, 
and substituting the parameters of the 
specimen into these programmes, the 
analytical curves of Fig. 6(b-d} were 
obtained. 

In a Masters degree thesis entitled 
"Analysis on Sliding-Friction Isolation of 
Structures", 8 sets of model shake table 

o,rtJ 
(gal) 

320 

401 

399 

396 

0.1sec 

Test 

ROM 

t 

RFM 

TFM 

FIG. 6 COMPARISON OF SSVR (1) 
input: A.=200 T=0 .143 

test results on SSVR under the harmonic 
shaking inputs were given; also given were 
the analytical results of these tests by 
the numerical method. For these tests, the 
parameters of each specimen were substituted 
into the analysis methods and the calculated 
results and acceleration time histories are 
compared in Table 2 and Figs. 7-8. 

Comparing all the calculated results 
with the test results, it can be shown that 
the analytical response curves calculated 
by the formulae are identical to the test 
results in wave shape and general character. 
The peak value of both are similar as well. 
Furthermore, the error range of the methods 
outlined in this paper are lower than that 
of the numerical method in general. There­
fore, the analytical methods presented in 
this paper provide reliable and accurate 
results. 

STUDIES OF THE CHARACTERISTICS OF THE SSVR 

The formula (36) for the rectangular 
Duhamel method is suitable for developing 
some general characteristics of the SSVR. 

The formula (36) shows that the 
response acceleration curve of the top mass 
is composed of a rectangular square wave 
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TABLE 2 

No. ml peak of ii1 (t) error to test 
T. - s µ Ao T 

(sec) m2 (gal) (sec) 

1 0.13 1 0.0144 0.20 702 0.125 

2 0.184 2 0.016 0.20 125.5 0.2 

3 0.065 2 0.012 0.20 331 0.1 

4 0.065 2 0.012 0.20 436 0.1 

I 5 0.184 2 0.016 0.20 209 0.2 i 

6 0.20 3 0.016 0.20 158 0.2 

7 0.20 3 0.016 0.20 167.5 0.2 

I s 0.09 3 0.016 0.20 192. 5 0 .143 I 

u, (t) 
(gal) 

497 Test 

0 

561 

FIG. 7 COMPARISON OF SSVR (2) 
rn1=3.65, m2=3.65, T.=0.13, 1;=0.0144, 

µ= 0.20 
input: A.=402, T=0.125 

with a peak value gp and the same period 
T as input in a series of pseudo-harmonic 
waves having the same circular frequency 
and decaying at an exponential rate. The 
value of parameter a increases with ml 
(formula 31), and the value of n m2 
increases to ml l 1 (formula (30)), 

m2 < z2" -
so the pseudo-harmonic vibrations appear in 
a form of both increasing decay and frequency. 
When m1 >> m2 , the pseudo-harmonic motions 
are high frequency and highly damped vib­
rations. If ml> J:.. _ l, the responses 

m2 - c2 
reach critical or sDper-critical damping. 
In this case, the pseudo-harmonic motions 
no longer take place and become simple 
decaying motions. When m2 ->- 0 , then a ->- 00 , 

(gal) 
test TFM nurn TFM num 

497 561 566 +64 +12.9% +69 +13.9% 

381 388 388 + 7 + 1.8% + 7 + 1.8% 

496 528 480 +32 + 6.5% -18 - 3.2% 

597 551 597 -46 - 7.7% 0 0 

380 393 448 +13 + 3.4% +67 +17.8% 

381 392 382 
! 

+11 + 2.9% + 1 + 0.3% 

39 7 392 393 - 5 - 1. 3% - 4 - 1% 

430 472 329 +42 + 9.8% -101 -23.5% 

u1rt J 
(gal) 

380 

0 

393 

FIG. 8 COMPARISON OF SSVR (3) 
m1=3.65, m2=3.65, T.=0, s=0.016, 

µ=0.20 
input: A.=209, T=0.20 

and in the limit the formula (36) has the 
form: 

- N-1 u1 (t) = (-1) gµ (39) 

This is the extreme case where there is no 
base mass and agrees exactly with the 
formula (6). 

The formula (36) also shows that the 
response acceleration curve of the top mass 
is composed of two parts: the friction curve 
and a concomitant free vibration with 
circular frequency n. Every reversal of 
the friction force excites a new concomitant 
free vibration . If m1 >> m2 , then the 
value of a is large, so these concomitant 
free vibrations will approach zero quickly. 
In this case, the response curve tends to 
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u,ro 
(gal} 

196'""' _ _...,, t 
0 F----+----tf-----tf------,­

-196 
0.tse 

FIG. 9 RESPONSE WHEN m1 >> m2 

be the simple forced vibration, that is: 

(40) 

Fig. 9 shows the calculated acceler­
ation curve of SSVR for m1 + m2 

m2 = 100 

in the case of~= 0.2, ~ = 0.05, p = 5*2, 
T = 0.2, which resembles a rectangular 
square wave of friction. 

The operation adopted in this paper is 
cheap and quick, it is possible to find 
some general laws by means of a series of 
calculations. Fig. l0(a-d) show the 
relations between the peak values of SSVR 
and mass ratio M with 10 different neriod 
encounters. Fig. ll(a-b) show the sliding 
vibrating response spectra according to the 
Chinese aseismic design code (TJ-11-78). 
From all of these curves, some general 
characteristics can be found as follows: 

1. 

2. 

3. 

The base mass obviously affects the 
peak value of the SSVR. When the base 
mass is relatively large, the response 
appears to be a quasi-resonance. In 
this case, the base sliding isolation 
tends to lose its beneficial aspects 
and even turns into the opposite. 

In general, the peak value of SSVR 
diminishes with increasing top mass. 
If the top mass is comparatively large, 
the peak value of SSVR is hardly related 
to the dynamic characteristics of 
structure and the period.of input, and 
the response is analogous to that of 
a rigid body. 

The quasi-resonance of SSVR takes place 
not at the resonance frequency but at 
the moment when t>.e natural period of 
structure is higher th2n that of input. 
As the base mass decreases, this ampli­
tude of period difference increases, 
while the peak value of quasi-resonance 
decreases. 

CONCLUSIONS 

The analytical methods for the SSVR 
calculation given in this paper can be used 
directly in the case of usual harmonic 
excitation or "disadvantageous period recip­
rocab.:ng input". At the same time, they can 

1 
i.i,(t) 
(gal) 

700 
8~1 (M=l.1) f =0.2 

i, To=0.lsec 
\ g =0.05 

600 \ ---T =0-2sec . \ 
I \' 

-T=0-3 .. 

500 .\ -·-T= 0-5" 

,oo 
(aJ 

300 

700 t1871(M=1.1) f=0.2 
I To=0.2sec I 

600 
I f =0-05 

---T =0.2sec 
-T =0.3 .. 

500 ---T =0.S" 

,oo 

300 

1921 (M=1.1) f =0.2 
700 

,,1301(M=2) To=0.3sec 
I ~ =0-05 

600 I --- T = 0.2sec I -T = 0.3 .. I 
500 

I -·-T: 0.5 .. 
I. 
I 

300LI-...L.--.L...J.......&.~__._..._...._L-&__..__, 

700 . \ to 1893 
\ (M=f.1) 

500 

,oo 

L~ 
\ \ __ _ 

f =0.2 
T0 =0,5sec 
f =0.05 
T = 0.5sec 

·--·---·--. 
(d) 

300 2 10 18 26 34 ,2 50 

m1+ m2 =M 
m2 

FIG. 10 RELATIONS BETWEEN RESPONSE PEAK 
AND MASS RATIO M 
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IM=2 
\ 
/1 M=2 

1400 9°.r 1400 II 1, II 
11 ~ = o.os I I 90. JI 
1, µ = 0.20 

1200 I I ~=0,05 
1200 I I m 1 +m2 f I µ:0.20 

I I M= 
m2 I I M= m1+m2 

I I 
1000 I I m2 

1000 11 M = 6 . I I M:6 
i.imax 11 i.imax 

(gal) 11 
(gal) I I 

M =10 800 I I /\M=10 
800 I I (\ 

\l \ 
I I : 1-. 

\.••·. 
I I f\\ M =12 

600 .· : ·. 
600 , \ /. \\ ~ I / :i : M = 16 I . \ . \\ : . _(./ . : 

400 .... ~/ 400 .. 
.·· .. · \ "\ \:---. L_ \ L __ 

200 200 
(b) 

(a) 

0 
0 0.4 0.8 1,2 00 0.4 0.8 1.2 1-6 

T (sec) T (sec) 

FIG. 11 SLIDING-VIBRATING RESPONSE SPECTRA 

also be used to calculate SSVR under the 
earthquake wave with further treatment. 
Of course, there are many researches to be 
done for this aim. 

Through the analytical research of 
SSVR based on an elastic body assumption, 
some general laws of SSVR were developed 
1·1hich had previously been masked by assum­
ing rigid body motion. It also shows that 
the problems of base-sliding isolation are 
more complex than expected. In order to 
make full use of base-sliding isolation, 
it is necessary to calculate and compare 
SSVR practically. 
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